
Let A be a monoid. The submonoids B,C ≤ A are mutually singular [1], in
symbols B ⊥ C, if

• B ∩ C = {1}, A = 〈B ∪ C〉,
• for all b ∈ B and a, a′ ∈ A, aba′ ∈ C =⇒ b = 1, and
• for all c ∈ C and a, a′ ∈ A, aca′ ∈ B =⇒ c = 1.

Let A,B, and C be as above. If the binary relation

{(
n∏

i=1

bici,

n∏
i=1

bi) : b ∈ B, c ∈ C} = πC
B ⊆ A×A

is a function πC
B : A → B, then it is the B-filter along C. It is left as an exercise

for the reader to prove that it is a an idempotent homomorphism when it exists. If
πC
B(a) = πC′

B (a) for all C,C ′ such that B ⊥ C,C ′ and all a ∈ A, then it is πB , the
B-filter.
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