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1 Introduction

Hamiltonian systems appear in conservative problems of mechanics as in celestial mechanics
but also in statistical mechanics governing the motion of particles and molecules in fluid.
A mechanical system of N planets (particles) is modeled by a Hamiltonian function H(x)
where x = (¢,p), ¢ = (q1,...,qn), p = (p1, ..., pn) With (¢, p;) € R x R? being the position
and the momentum of the i-th particle. The Hamiltonian’s equations of motion are

(1.1) q¢= Hy(q,p), p=—Hy(q,p),

which is of the form

(1.2) i =JV,H(z), J= { 0[ I"] :
—I, O
where n = dN and I,, denotes the n x n identity matrix. The equation (1.2) is an ODE that
possesses a unique solution for every initial data xq provided that we make some standard
assumptions on H. If we denote such a solution by ¢;(zq) = ¢(t, x¢), then ¢ enjoys the group
property
¢t 0 gs = rys, t,s ER.

The ODE (1.1) is a system of 2n = 2dN unknowns. Such a typically large system can
not be solved explicitly. A reduction of such a system is desirable and this can be achieved
if we can find some conservation laws associated with our system. To find such conservation
laws systematically, let us look at a general ODE of the form

dz B
dt
with the corresponding flow denoted by ¢, and study u(x,t) = T,f(z) = f(é(z)). A
celebrated theorem of Liouville asserts that the function u satisfies

ou
(1.4) Ezﬁu:b-uw

(1.3) b(x),

Recall that a function f(z) is conserved if < f(¢;(z)) = 0. From (1.4) we learn that a function
f is conserved if and only if

(1.5) b- f. =0.
In the case of a Hamiltonian system, b = (H,, —H,) and the equation (1.5) becomes

(1.6) {f7H}::fq'Hp_fp'Hq:O'



As an obvious choice, we may take f = H in (1.6). In general, we may have other conservation
laws that are not so obvious to be found. Nother’s principle tells us how to find a conservation
law using a symmetry of the ODE (1.3). With the aid of the symmetries, we may reduce
our system to a simpler one that happens to be another Hamiltonian-type system.

Liouville discovered that for a Hamiltonian system of Nd-degrees of freedom (2Nd un-
knowns) we only need Nd conserved functions in order to solve the system completely by
means of quadratures. Such a system is called completely integrable and unfortunately hard
to come by. Recently there has been a revival of the theory of completely integrable sys-
tems because of several infinite dimensional examples (Korteweg—deVries equation, nonlinear
Schrodinger equation, etc.).

As we mentioned before, the conservation laws can be used to simplify a Hamiltonian
system by reducing its size. To get more information about the solution trajectories, we
may search for other conserved quantities. For example, imagine that we have a flow ¢,
associated with (1.3) and we may wonder how the volume of ¢;(A) changes with time for a
given measurable set A. For this, imagine that there exists a density function p(z,t) such
that

(L.7) / J(én(2))p(a)dx = / J(2)p(z, t)dz

for every bounded continuous function J. This is equivalent to saying that for every nice set
A,

(1.8) Lt(A) po(a:)d:v:/Ap(x,t)dx.

In words, the p’-weighted volume of ¢_;(A) is given by the p(-,t)-weighted volume of A.
Using (1.4), it is not hard to see that in fact p satisfies the (dual) Liouville’s equation

ap

(1.9) o

+ div(pb) = 0.
As a result, the measure p°(x)dx is invariant for the flow ¢; if and only if
div(p°) = 0.

In particular, if div b = 0, then the Lebesgue measure is invariant. In the case of a Hamil-
tonian system b = JV H, we do have div b = 0, and as a consequence,

(1.10) vol(,(A)) = vol(A),

for every measurable set A.



In our search for other invariance properties, let us now look for vector fields F' : R — R”
such that

d
(1.11) — F.-dr=0

dt #t(7)

for every closed curve . Such an invariance property is of interest in (for example) fluid
mechanics because fﬁ/ F - dx measures the circulation of the velocity field F' around ~. To
calculate the left-hand side of (1.11), observe

/ P / F(¢y(x))Déy(x) - da

where D¢, denotes the derivative of ¢, in x and we regard F' as a row vector. Set F' =

(FL...,F"), 6= (¢',...,0"), u=(ul,...,ur), u(z,t) = TiF(z) = Fogi(x)Dos(x), so that

Z F@ a¢t )

L

To calculate the time derivative, we write

u(z,t +h) = F(¢ein)Ddyn = F(¢ o ¢n) Doyo onD ¢y
= u(¢n(z),t)Dén(z),

so that
d . - O’
P — N AY T
U (x,t+h) - Z [(Vu b)d;; +u axj}

=V’ -
P J
—i—Z(uﬁ -
In summary,
(112) ?j{ V(- b) + Clu)b

i
T

(1.13) i/ F.dz = /C(u)b-dx
dt ée(v) v
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where C(u) is the matrix [u’ —w? ]. In particular,



for every closed curve ~y. Recall that we would like to find vector fields F' for which (1.11) is
valid. For this it suffices to have C(F')b a gradient. Indeed if C(F')b is a gradient, then

i F.dx = i F-dz
dt é¢(v) dh be4n(Y) h=0
d
= — F-dzx
A J gy, (6:(v)) h=0

:/ C(F)b-dx =0.
t(7)

Let us examine this for some examples.

Example 1.1. (i) Assume that £ = 2n with z = (¢,p) = (¢1,---,Gn,P1,---,Pn). Let
b(q,p) = (H,,—H,)* = JVH for a Hamiltonian H(q,p). Choose F(q,p) = (p,0). We then

have C(F) = _OI [(;L =J,and C(F)b= JJVH = —VH. This and (1.13) imply that for
a Hamiltonian flow ¢, and closed v,

d
(1.14) — p-dg=0,

dt Jgu ()

which was discovered by Poincaré originally.
(ii) Assume k = 2n + 1 with 2 = (¢,p,t) and b(q, p,t) = (H,, —H,, 1)* where H is now a
time-dependent Hamiltonian function. Define

F(q,p,t) = (p,0,—H(q,p,1)).

We then have

0 | I, | H

n | g J | VH!

(1.15) CF)=| —I,| 0 |H; :{_VH ; }
—H,|-H,| 0

Since C(F)b = 0, we deduce that for any closed (g, p,t)-curve 7,
d
S Jés(7)

proving a result of Poincaré and Cartan. Note that if -y has no t-component in (1.16), then
(1.16) becomes (1.14).



0 —Q3 [6%)
(iii) Assume n =3. Then C(F) = | a3 0  —ay | with (a1, a2, a3) =V x F. Now if

—g oy 0
b=V x F, then C(F)b= (V x F) x b and 4 f¢t(’7) F -dx = 0. In words, the F-circulation
of a curve moving with velocity field V x F'is preserved with time. O

Example 1.2. A Hamiltonian system (1.2) simplifies if we can find a function w(g,t) such
that p(t) = w(q(t),t). If such a function w exists, then ¢(t) solves

dg _
dt

The equation p gives us the necessary condition for the function w:

(1.17) Hy(q,w(gq,t),t).

D= weq +wy = wy - Hy(q, w,t) + wy,
p=—Hyqw,t).
Hence w(q,t) must solve,
(1.18) wy +wy - Hy(q, w, t) + Hy(q, w,t) = 0.
For example, if H(q,p,t) = 3|p|* + V (¢, ), then (1.18) becomes
(1.19) wy + wow + Vy(q,t) = 0.
The equation (1.17) simplifies to

dg _
dt
in this case. If the flow of (1.20) is denoted by ), then ¢;(q,w(q,0)) = (Vi(q), w(i(q),t)).
Now (1.14) means that for any closed g-curve 7,

d
dt Pe(n)

(1.20) w(g, 1)

w(q,t)-dg=0.

This is the celebrated Kelvin’'s circulation theorem. O

We may use Stokes’ theorem to rewrite (1.14) as
d . d

(1.21) - @i=—

dp ANdq =10

for every two-dimensional surface I'. In words, the 2-form @ is invariant under the Hamil-
tonian flow ¢;. In summary, we have found various invariance principles for Hamiltonian
flows:



e The conserved functions f satisfying (1.6) is an example of an invariance principle for
O-forms.

e The Liouville’s theorem (1.10) is an example of an invariance principle of an n-form.
e Poincaré’s theorem (1.21) is an instance of an invariance principle involving a 2-form.

In fact (1.21) implies (1.10) because the invariance of @ implies the invariance of the
k = 2n form @™ = w A --- A @w which is a constant multiple of the volume form. More
generally, we may take an arbitrary [-form w and evolve it by the flow ¢, of a velocity field

b. If we write w(t) for ¢jw:
Jew=[oo=[
r r (T

d
d_t: = Lyw = d(ipw) + ip(dw)

then by a formula of Cartan,

where Lyw denotes the Lie derivative.

The configuration space of a system with constraints is a manifold. Also, when we use
conservation laws to reduce our Hamiltonian system, we obtain a Hamiltonian system on
a manifold. If the configuration space is a n-dimensional differentiable manifold N, and
L : TN — R is a differentiable Lagrangian function, then p = g—g is a cotangent vector. The
cotangent bundle M = T*N is an example of a symplectic manifold because it possesses a
natural closed non-degenerate form @ which is simply Y dp; Adg;, in local coordinates. More
generally we may study an even dimensional manifold M, equipped with a non-degenerate
closed 2-form w, and construct vector fields Xy associated with scalar functions H such that
ix, (w) = —dH. The vector field Xy is the analog of JVH in the Euclidean case M = R*".
By the non-degeneracy of w, such Xpg exists for every differentiable Hamiltonian function
H.

A celebrated theorem of Darboux asserts that any symplectic manifold is locally equiv-
alent to a Euclidean space with its standard symplectic structure. As a result, the most
important questions in symplectic geometry are the global ones.

Consider the Euclidean space (R?*",®). If the hypersurface I' = H~'(c) is a compact
energy level set with VH # 0 on I', then the unparametrized orbits on I' of the Hamiltonian
vector field Xy = JV H are independent of the choice of H. One can therefore wonder what
hypersurfaces carry a periodic orbit. P. Rabinowitz showed that every star-like hypersurface
carries a periodic orbit. Later, Viterbo showed that the same holds more generally for
hypersurfaces of contact type, establishing affirmatively a conjecture of A. Weinstein.

Consider two compact connected domains U; and Us in R™ with smooth boundaries. Uy
and U, are diffeomorphic and volume(U;) = volume(Us;), then we can find a diffeomorphism



between U; and U, that is also volume preserving (DaCorogna—Moser). We may wonder
whether or not there exists a symplectic diffeomorphism between U; and Us. Gromov’s
squeezing theorem shows that the symplectic transformations are more rigid; if there exists
a symplectic embedding from the ball

Br(0) ={(q.p) : laI* + [p|* < R*}

into the cylinder
Z:(0) = {(a,p) : ¢; +pi <77},

then we must have r > R! Motivated by this, Gromov defines the symplectic radius r(M) of
a symplectic manifold (M, w) as the largest r for which there exists a symplectic embedding
from B,(0) into M. The Gromov’s radius is an example of a symplectic capacity that is a
symplectic invariant. Since the discovery of the Gromov radius, new capacities have been
discovered. The existence of some of these capacities can be used to prove various global
properties of Hamiltonian systems such as Viterbo’s existence of periodic orbits.

Another rigidity of symplectic transformation is illustrated in an important result of
Eliashberg and Gromov: If {f,,} is a sequence of symplectic transformation that converges
uniformly to a differentiable function f, then f is also symplectic. The striking aspect of
this result is that our definition of a symplectic function f involves the first derivative of f.
As a result, we should expect to have a definition of symplicity that does not involve any
derivative. This should be compared to the definition of a volume preserving transformation
that can be formulated with or without using derivative.



2 Quadratic Hamiltonians and Linear Symplectic Ge-
ometry

In this section, we discuss several central concepts and fundamental results of symplectic
geometry in linear setting. More specifically, we establish Darboux Theorem for symplectic
vector spaces, define symplectic spectrum for quadratic Hamiltonian functions, construct
linear symplectic capacities for ellipsoids, establish symplectic rigidity for linear symplectic
maps, and analyze complex structures that are compatible with a symplectic form.

A symplective vector space (V,w) is a pair of finite dimensional real vector space V'
and a bilinear form w : V x V' — R which is antisymmetric and non-degenerate. That is,
w(a,b) = —w(b,a) for all a,b € V, and that Va € V with a # 0, 3b € V such that w(a, b) # 0.
The non-degeneracy is equivalent to saying that the transformation a — w(a,-) is a linear
isomorphism between V and its dual V*. Clearly (R¥,©) is an example of a symplectic vector
space when k = 2n and w(a,b) = Ja - b, where J was defined in (1.2). More generally, given
a k by k matrix C, the bilinear form w(a,b) = Ca - b is symplectic if C' is invertible and
skew-symmetric. Note that since

det C' = det C* = det(—C) = (—1)"det C,

necessarily k = 2n is even. Given a symplectic (V,w), then we say a and b are w-orthogonal
and write a I1 b if w(a,b) = 0. If W is a linear subspace of V', then

WHh={acV:allW}

In our first result we state a linear version of Darboux’s theorem and some elementary
facts about symplectic vector spaces. Darboux’s theorem in Euclidean setting asserts that
for every invertible skew-symmetric matrix C' we can find an invertible matrix 7" such that

°CT = J.

Proposition 2.1 Let (V,w) be a symplectic linear space of dimension k = 2n and W be a
subspace of V.

(i) dim W + dim W = dim V.
i) (W' =w.
(iii) (W, w) is symplectic iff W @ W =V,
(iv) If W is a symplectic subspace, then W5 is also symplectic.

(v) There exists a basis ey, ..., en, f1,..., fn such thatw(e;, e;) = w(fi, fj) = 0 andw(fi, e;) =
52] EQUivalently7 Zf r = (Qb co5qn,P1y - 7pn>7 Yy = (Qia s o 7Q;7,7p/17 s 7p;1>7 a =
2711 q;€; +pjfj7 a = 2711 q;ej +p;f]7 then W(CL, CL,) = (D(Zﬁ,y)

9



Proof. (i) Assume that dimV = n and dimW = m. Choose a basis {ay,...,a,} for
W. Then by non-degeneracy aj,...,a are independent where az(b) = w(a;,b). Since
WU ={a:az(a) =0 for j =1,...,m}, with az independent, we have that dim W = n—m.
(ii) Evidently W C (WM. Since dim W + dim W = dim WY + dim(WH" we deduce
that W = (W,

(iii) By definition, (W, w) is symplectic iff WNW = {0}. Since dim W +dim W = dim V/,
we have that W o Wl =V,

(iv) If W is symplectic, then V =W & WH = (WHH" o W which implies that in fact WU
is symplectic.

(v) Evidently dimV > 2. Let e; be a non-zero vector of V. Since w is non-degenerate,
we can find f; € V such that w(f,e;) = 1. Clearly fi,e; are linearly independent. Let
Vi = span{ey, fi}. If V = Vi, then we are done. Otherwise V = V; @& V! with both (V;,w),
(VH, w) symplectic. Now we repeat the previous argument to find fo, ey etc. U

We now turn our attention to quadratic Hamiltonian functions and ellipsoids. By a
quadratic Hamiltonian we mean a function H(z) = %Bx -z for a symmetric matrix B. We
are particularly interested in the case B > 0. We note that for such quadratic Hamiltonians,
the corresponding Hamiltonian vector field X (z) = JBx is linear. Since the flow of

(2.1) t = JBux,

preserves H, we also study the level sets of nonnegative quadratic functions. By an ellipsoid

we mean a set F of the form
E={z:H(x) <1}

where H(z) = $Bx -« with B > 0. Note that if B > 0, the ellipsoid E is a bounded set.
Otherwise, the set E is unbounded and may be also called a cylinder or cylindrical ellipsoid.
Our goal is to show that we can make a change of coordinates to turn the ODE to a simpler
Hamiltonian system for which B is a diagonal matrix. Before embarking on this, let us first
review some well-known facts about symmetric matrices, which is the symmetric counterpart
of what we will discuss for symplectic matrices.

To begin, let us recall that the standard Euclidean inner product is preserved by a matrix
A if A is orthogonal. That is

Aa-Ab=a-b forall a,b € RF & A7 = A*.

Let us write O(k) for the space of k x k orthogonal matrices. We also write S(k) for the
space of symmetric matrices. A quadratic function H : R* — R is defined by H(x) = %Bx X
with B € S(k).

10



Proposition 2.2 Let Hy and Hy be two quadratic functions associated with the symmetric
matrices By and By. Then there exists A € O(k) such that Hy o A = Hs if and only if By
and By have the same spectrum.

As a consequence, if H(x) = + Bz and B has eigenvalues \(H) = ()\1, e )\k) with A\; >

Ay > -+ > X, then there exists A € O(k) such that H(Ax) = %Z In particular,
if B > 0, then \,’s are nonnegatlve and we may define radii R(H) = ( ( ) L Rp(H)) €
(0, 00]* by R? = RE(H) 3 so that 0 < Ry(H) < Ry(H) < -+ < Ry(H )and
k
D
j=1 i

If F is the corresponding ellipsoid,
E={z:H(x) <1},
then we write
R(E) = (R(E),..., Bi(E))
for R(H) and refer to its coordinates as the radii of E. We now rephrase Proposition 2.1 as
Corollary 2.1 Let Ey and Ey be two ellipsoids. Then there exists A € O(k) such that
A(Ey) = Es if and only if R(E;) = R(E»).

We next discuss the monotonicity of R.

Proposition 2.3 (i) Let Hy and Hs be two quadratic functions. Then Hy o A < Hy for
some A € O(k) if and only if A\(Hy) < A(H3).

(ii) Let Ey and Es be two ellipsoids. Then A(Ey) C Ey for some A € O(k) if and only if
R(E;) <R(E)).
Proof We note that (i) implies (ii) because if £, = {z : H,.(z) < 1} for r = 1 and 2, then
Ey CA'E, & HioA< H,.

As for the proof of (i), observe that if A = A(H;) < X = A(Ha), then we can find A; and
Ay € O(k) such that

All‘

l\')IH
l\DI»—t

Z Z = Hy(Asx),

proving the “if” part of (i). The “only if” is an immediate consequence of Courant—Hilbert
Minimax Principle that will be stated in Lemma 2.1 below. U

11



Lemma 2.1 (Courant-Hilbert). Let B € S(k) with eigenvalues p; < pg < --- < py. Then

Bz -z
2.2 pw; = inf  sup ,
(22) T dimV=jepygoy [of?
Bz -
(2.3) [j = sup inf i

dim V=5—1 zeV+\{0} 2|2 7

where V' denotes a linear subspace of R¥.

Proof Let us write X for the right-hand side of (2.2). Let uy,us, ..., u; be an orthonormal
basis with Bu; = pju;, j =1,...,k. Note that

Bz - x T2
sup{—2 x € span{uy, ..., uj}t, x # 0} = sup % < 1y,
|I| C1,..,Cj Zl Cl

proving X < p;. For X > p;, pick a linear subspace V' of dimension j and choose non-zero
x € V such that # L wy,...,u;—;. Such z exists because dimV = j and we are imposing
J — 1 many conditions. Since we can write © = Zf: ; Giw, we have

Bx -z Zf Mlclz
S DY
As a result, X > p; and this completes the proof of (2.2).

As for (2.3), note that if L uy,...,uj_1, x # 0, then % > pj by (2.4). Hence, if Y de-
notes the right-hand side of (2.3), then Y > p; by choosing V' = span{wy, ..., u;_}. For p; >

(2.4)

Y, let V be any linear space of dimension j—1 and pick a non-zero z € span{uy, ..., u;}NV*,
For such a vector  we have x = Y1 quy, (c1,...,¢j) # 0, and % < pj. This implies that

We would like to develop a theory similar to what we have seen in this section but now
for the bilinear form w. The following table summarizes our main results:

Symmetric Antisymmetric
Form a-b w(a,b) =Ja-b
Invariant matrix AeO(k): A=A TeSpn):T'=—-JT*J
Vector field VH(z) =Bz, Be S(k) JVH(z)=JBz; JB € Ham(n)
Spectral theorem Proposition 2.2 Weirstrass Theorem
(Theorem 2.1)
Monotonicity Courant—Hilbert Minimax Theorem 2.2, Lemma 2.2
(Lemma 2.1)

12



We say a matrix T is symplectic if @(Ta,Tb) = &(a,b). Equivalently T*JT = J or
T~t = —JT*J. The set of 2n x 2n symplectic matrices is denoted by Sp(n). We say a
matrix C' is Hamiltonian if C' = JB for a symmetric matrix B. The space of 2n x 2n
Hamiltonian matrices is denoted by Ham(n). We have

C € Ham(n) & JC+C*J=0& C* = JCJ.

We note that if H(z) = :Bx -z with B € S(2n), then JVH(x) = JBx with JB € Ham(n).

— 2

We are now ready to state Weirstrass Theorem which allows us to diagonalize a Hamil-
tonian matrix using a symplectic change of variable.

Theorem 2.1 Let B be a positive matriz. Then the matriz C = JB has purely imaginary
eigenvalues of the form +iA(,...,+i\, with \y > --- > X\, > 0. Moreover there exists
T € Sp(n) such that the quadratic Hamiltonian function H(x) = Bz - x can be represented

as
n

i
HoT(x)=) Ha}+1)),

J=1

where x = (thh e anPn)

Proof Step 1. Let p + i\ be an eigenvalue of C' associated with the (non-zero) eigenvector
a +1b. As a result,

Ca=pa—Xb, Cb=Xda+ub or Ba=MAb—puJa, Bb=—-XJa— uJb.

Hence
Ba-b=pw(b,a), Bb-a=—puw(b,a), Ba-a=Bb-b=Xo(b,a).

From this, B = B*, u+ i\ # 0, and a + ib # 0, we deduce that p = 0, w(b,a) # 0, and
Ba-b = 0. As a result, for every nonzero eigenvalue i\, we can find an eigenvector a + ib,
such that
(2.5) Ba-a=Bb-b=)\  Ba-b=0,

Ca = —\b, Cb = Aa.

Step 2. If Ay = 0, then all eigenvalues are 0 and there is nothing to prove. If A; # 0, we use
Step 1 and (2.5) find a; and b such that

Bal-al :Bbl'bl :/\7 BCLl'bl :0, Ca = —/\b, Cb = Xa.

13



As a result, if V; = span{ay, b}, then CV; C V}, and for ¢; and p; € R,

A
@+ pd).

(2-6) H(QIQI +Plbl) = qu(al) +p%H(b1) +qapBa; - by = 5

By Proposition 2.1, the spaces V; and V{! are symplectic and R?" = V; @ V. We now
claim

(2.7) acVy, beV!=DBa-b=0, and CVMCVT
Indeed if a € V4, b € V!, then Ca € V;, and
w(Cb,a) =JCb-a=—Bb-a=—b-Ba=—Jb-Ca=—w(b,Ca) =0
which proves both claims in (2.7) because we just showed that Cb € V1.
Final Step. From (2.7) we learn that if @ € V; and b € VI, then
H(a+0b)=H(a)+ H(b).

Let us look at the restriction of H to the symplectic vector space (V! &). By Proposition 2.1,
this pair is isomorphic with (R?*"72,&). As a result, we may repeat the above argument to
assert that there exits a pair of vectors ag, by € Vil with @(by, as) = —1, H(ag) = H(by) = 3>

and Bas - by = 0. Continuing this process would yield a basis (a1, by, ag,bo, ..., a,,b,) such
that
(CL“(I]) (D( ) w(bi’aj) :5ij7
H(aj) H(b ) . , Baj . bj =0.

From this we learn that the linear map 7' : R*® — R?" defined by

n
T(q1,p1s- - GusPn) = Y _ ¢t + piby
1

is symplectic, and

p) =Y 5 (g + 7).
1
U
Given H(z) = Bz - x with B > 0, let us write 3)\; = % so that r; = r,;(H) € (0, 00]

satisfy
0<m(H)<rH) < - <r,(H).

We also write r(H) = (ri(H),...,r,(H)) and if F is the corresponding ellipsoid, we write
r(E) for r(H). We may rephrase Theorem 2.1 as follows:

14



Corollary 2.2 (i) If Hy and Hy are two positive definite quadratic forms, then r(Hy) =
r(Hs) if and only if Hy = Hy o T for some T € Sp(n).

(ii) Let Ey and Ey be two ellipsoid. Then T(Ey) = Ey for T € Sp(n) if and only if
I'(El) = I'(EQ).

Example 2.1 Let n = 1 and H(q1,p1) = }‘fi—%; + }’;—%2 so that R(H) = (Ry, R2). Here H(x) =
1 2

%Bw - x with

We have

0 1
o= |2 4] B-

The matrix C' has eigenvalues i—iﬁ. Hence r(H) = (r(H)) with r1(H) = v/R1 Ry and

there exists 1" € Sp(n) such that H o T'(¢q1,p1) = %. O
As our next corollary to Theorem 2.1, we solve (2.1) with the aid of a symplectic change
of coordinates:

Corollary 2.3 Let H, T and (\1,...,\n) be as in Theorem 2.1. Let x(t) be a solution of
(2.1) and define y(t) = T~ 'x(t). Then y = JByy, where By is a diagonal matriz that has
the entries

Al?"'a)\naAla"'a)\na

on its main diagonal.

Proof From (2.1), we learn that Ty = JBTy. Also, by Theorem 2.1 we know that (BT'x) -
(T'z) = Box - x, which means that T*BT = By. As a result

y=T'JBTy = —JT*JJBTy = JT*BT = JB,.
0

Remark 2.1 If we write ¢,(y) for the flow of y = JByy and use the complex notation
y=(z1,...,2,) with z; = ¢; + ip;, then

Ge(21y .y 2) = (€702, ey,

In particular, for each z; # 0, A\; # 0, if we set 2; for the complex vector that has z; for the

j-coordinate and 0 for the other coordinates, then the orbit (¢:(2;) : t € R) is periodic of

period 27 /\; = 7r?. O
We now turn to the question of monotonicity.
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Theorem 2.2 (i) If H, and Hy are two non-negative definite quadratic forms, thenr(Hy) >
r(Hs) if and only if there exists T € Sp(n) such that Hy o T < Hs.

(ii) Let Ey and Ey be two ellipsoids. Then r(Fy) < r(Ey) if and only if T(Ey) C E;y for
some T € Sp(n).

Proof As before (i) implies (ii). By approximation, it suffices to establish (i) when H;
and Hy are positive definite. In this case, (ii) is an immediate consequence of a variational
formula we obtain for r;(H) in Lemma 2.2 below. O

Lemma 2.2 Let H be a positive definite quadratic function of R*™. Then

1 . w(z,y)"
) Loy = it SUD
( ) 92 ]( ) dim V=2n+2j [z,y]*€V\{0} H(l’) + H(y)

Here V is for linear subspace of R".

Proof Recall that j:z'27°j’2 are the eigenvalues of C' = JB where H(x) = $Bx - z. Hence

i%r?- are the eigenvalues of C~'. If a; + ib; denotes the corresponding eigenvector, then
C~'(aj +ib;) = $r3(a; + ib;). This means

)

2
(2.9) Cla; = =2y, O =

r
aj.

N |

This suggests looking at the 4n x 4n matrix

0 c!
b2,

From (2.9) we readily deduce
D Q; _ 7,_]2 a; D bj _ 7“_]2 bj
bj 2 bj ’ —a; 2 —a; ’
b

ploil_ (o] pf-w]__m[-o]
CL]' 2 (Ij ’ b] 2 b]

Note that since a; +ib; # 0, the vectors {Zj } , [ bé } are linearly independent. Hence j:%rjz
J Y

r? T . .
produces eigenvalue &= of multiplicity 2 for D. We would like to apply Courant-Hilbert
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minimax principle to D, except that D is not symmetric with respect to the dot product of
R*". However if we define an inner product

<[£L’, y]*a [:E,)yl]*) = Bux - '73, + By : ylv

with corresponding norm
Iz, yI"|| = 2H (z) + 2H (y),

then D is (-, -)-symmetric. Indeed,

z| 2]\ Cly 7/
@) B - (et 7))
=BCYy.-2' —BC 'z -y
=Jr y+Jz-y,

(o) ) =2ten

We are now in a position to apply Lemma 2.1 to obtain (2.8) with @ instead of w™ in the
numerator. (Note that 3r?(H) is the 2n+ 2j-th eigenvalue of D.) Finally we need to replace
o with @™. This is plausible because the left-hand side is positive. 0

which is symmetric. Moreover,

An immediate consequence of Theorem 2.2 is a linear version of Gromov’s non-squeezing
theorem. More precisely, if we define

Br={z:|z| <R}, Zp={z:q +pi <R},

then r(Bg) = (R, R, ..., R) and r(Zg) = (R, 00,00, ...,00). By Theorem 2.2(ii) if for some
T € Sp(n), we have T(B,) C Zg, then r < R. We now slightly improve this and give a
direct proof of it.

Proposition 2.4 Suppose that for some T € Sp(n) and 2 € R*", T(B,) C 2° + Zxr. Then
r < R.

Proof Write 2° = (¢¥,...,¢%,p%,...,p%) and let (s1,...,S,,t1,...,t,) denote the rows of T.
By assumption
(-51— )+ (z-t; — p))* < R?

for z satisfying |z| < r. Hence
(2.10) (051 + (- 0)? = 20 - (g1 + 1) < 2

17



On the other hand, since T™ is symplectic,
(211) @(81,t1> :(D(T*el,T*fl) :@(el,fl) =—1

where {e1,...,eu, f1,..., [o} denote the standard symplectic basis for R?*", i.e., e; -z = g,
and f; -x =p; for x = (q1,...,¢n,P1,--.,Pp). From (2.11) we learn that

L= l@(s1,t1)| = [Js1 - ta] < |sa|[tal.

So either |s;| > 1 or [t;] > 1. Both cases can be treated similarly, so let us assume that
for example [t;| > 1. We then choose x = irﬁ—h in (2.13). We select + or — for x so that
x-(q¥s1 +plt1) < 0. This would allow us to deduce 72 < R? from (2.13), and this completes

the proof. 0

Remark 2.2 Note that if we consider Z = {z : ¢ + ¢4 < R?} instead, then r(Z}) =
(00,...,00) and we can embed B, symplectically inside Zj no matter how large r is. This is
because the map T'(q,p) = (eq,e~p) is symplectic (use w(q,p,q,p') =p-¢ —q-p’ to check
this), and T'(B,) consists of points (g, p) such that e72|q|* + &2|p|? < r%. O

As our next topic, we address the issue of symplectic rigidity for linear transformations.
Note that the condition | det A| = 1 for a matrix A is equivalent to the claim that the sets
E and A(FE) have the same Euclidean volume. To be able to establish Eliashberg-Gromov
rigidity, we would like to have a similar criterion for symplectic maps. Since a symplectic
change of variables does not change symplectic radii, the volume must be replaced with
suitable linear capacities that are defined in terms of the symplectic radii. Though as in the
case of volume, the orientation could be reversed when a symplectic capacity is preserved.
So instead of T' € Sp(k), what we really have is

(2.12) (T, TH)| = |@(a, b)].

We set S’(k) to be the set of matrices T for which (2.12) is valid for all a,b € R*. We also say
that matrix T is anti-symplectic if ©(Tx,Ty) = —&(z,y), or equivalently T*JT = —J. It is
not hard to show that 7" € S’(k) iff T"is either symplectic or anti-symplectic (see Exercise 2.1).
On the other hand, it is straightforward to check that a linear map T is anti-symplectic iff
T ot € S(k), where 7(q,p) = (p,q). From this we learn that indeed in Theorem 2.1 and
Corollary 2.2 apply to anti-symplectic transformations as well. In summary,

Proposition 2.5 (i) Let H be a positive definite quadratic function. Then there exists
2 2
T € S'(k) such that HoT(x) =7 qj;pj, where r; =r;(H).
J

(ii) Let Ey and Es be two ellipsoids. Then T(FE3) = Ey for some T € S'(k) if and only if
I'(EQ) = I'(E1>.
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We are now ready for a converse to Proposition 2.5, which will be used for the proof of
Eliashberg’s theorem in Section 6.

Theorem 2.3 Let T be an invertible 2n x 2n matriz. Then T € S'(k) iff ri(E) = ri(T(FE))
for every ellipsoid E.

Proof Given a pair of vectors (a,b) with w(a,b) # 0, let us define

Z(a,b) ={z: (xv-a)* + (z-b)* < 1},
which is a cylinder. We claim that in fact Z(a,b) is a (degenerate) ellipsoid with
(2.13) r1(Z(a,b)) = |@(a,b)| "%, 7;(Z(a,b)) = oo, for j > 2.

Once we establish this, we are done: If r(Z(a,b)) = r(T(Z(a,b)) for every a and b with
w(a,b) # 0, then using Z(a,b) = T(Z(T*a,T*b)), we deduce

| (a,b)| = [@(T"a, T"D)],
whenever w(a, b),w(T*a,T*b) # 0. As a result
A={(a,b) : |0(a,b)] # [0(T"a,T"b)|} € A" :={(a,b) : &(a,b)w(T"a,T"b) = 0}.

Since the set A is open and the set A’ is the union of two linear sets of codimension 1, we
must have A = (), which in turn implies that T* € S’(k). From this, we can readily show
that T' € S'(k).

It remains to verify (2.13). First observe that if » = |w(a,b)|"*/? and (ay,b;) = r(a,b),
then |w(ay,b1)| =1, and

Z(a,b) ={z: H(z):=[(z-d)+ (x- V)] r* <1}.

Without loss of generality, let us assume that in fact w(ai,b;) = —1. We then build a
(symplectic) basis {ay, ..., an,b1,...,b,} such that

Jj(bj,ai) =0, j, @(ahaj) = @(biﬂbj) =0,

for all ¢ and j. Let us write {e1,...,en, f1,..., fn} for the standard basis, in other words,
€ and f; satisfy e; - = ¢; and f; - © = p;. We then choose a map T so that T*al = ¢; and
T*b; = f;. We have

Ho T(q:) = [(Ta: cay)? + (Ta: . bl)Q} Jr? = [(x ce1)? 4 (x- fl)z} Jr? = (¢ + p})/r?
From this we deduce (2.13) by definition. O
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As we observed in Remark 2.1, sometimes it is beneficiary to identify R?" with C" and

use complex number. More precisely, we may write z; = ¢; + ip;, so that if a = (21,...,2,)

and b= (2},...,2/) are in C*, then Ja = (—izy,...,—iz,), and

rn
n n
a-b=Re)» zz,, @(a,b)=1Im» zZ
Rl ) i
=1 j=1

More generally, given a symplectic vector space (V,w), we may try to express w as
(2.14) w(a,b) = g(Ja,b),

where ¢ is an inner product on V and .J : V — V is a linear map satisfying J? = —I. When
(2.14) is true, we say that the pair (g,.J) is compatible with w. Let us write Z(w) for the
space of compatible pairs (g, J). We also define

G(w):={g: (9,J) € Z(w), for some J}.
Note that if (g, J) € Z(w), then
g(Ja, Jb) = w(a, Jb) = —w(Jb,a) = g(b,a) = g(a,b),

which means that J*J = I, where J* is the g-adjoint or transpose of .JJ. From this and J? =
—1, we learn that for every (g, J) € Z(w), we have J* = —J. Define T*(g)(a,b) = g(Ta,Tb)
and T*w(a,b) = w(Ta, TH).

Proposition 2.6 LetT : V — V be an invertible linear map. Then T*w = ' iff T*(G(w)) C
G(w').
Proof Set T(J) = T~'JT. If (¢, J) € Z(w), then

(T*w)(a,b) = w(Ta, Th) = g(JTa, Tb) = w(TT(J)a, Tb) = (T*w)(T(J)a,b).

A

From this we deduce that if (g,J) € Z(w), then (T%¢,T(J)) € Z(T*w). As a result,
T*(G(w)) € G(T*w). Similarly, (T')*G(T*w) C G(w). Hence T*(G(w)) = G(T*w). From

this we learn that we only need to show that if G(«) C G(/3), then a = g. O
Example 2.2 Identifying a metric g(a,b) = Ga - b with the matrix G > 0, one can readily
show

(2.15) Gw)={G: G>0, Ge S(2n)}.

Indeed if g(a,b) = Ga - b and (g, J) € Z(w), then J = GJ so that G = —JJ. This implies
GIG=JJJJJ=J,
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which means that G is symplectic. Conversely, if G > 0 and G' € S(2n), then set J = G~1J
and observe that since G~! is also symplectic, then J? = G~ JG™'J = JJ = —1I. O

When g € G(w), we know how to calculate the area of the parallelogram associated with
two vectors a and b, namely

1
Ag(a,b) = (llallgllbllg — g(a, b)*)*,

where ||al|, = g(a,a)'/?. Of course w(a,b) offers the symplectic area of the same parallelo-
gram. In the next proposition, we compare these two areas.

1/2

Proposition 2.7 For every g € G(w), we have

(2.16) wla,b) < Agla,b) < = (lall? + [b]12)

N —

Moreover we have equality iff b = Ja.

Proof The second inequality is obvious and the first inequality is also obvious when g(a, b) =
0, because
w(a,b)* = g(Ja,b)* < g(Ja, Jb)g(b,b) = [|allg|Ibll5.

Given arbitrary a and b, with a # 0, set t = —g(a,b)/g(a,a) so that g(a,b’) = 0, for
b’ = ta + b. We certainly have

w(a,b)’ = w(a,t)’ < g(Ja, Ja)g(¥', b') = g(a, a)g (¥, ¥') = g(a, a)g(¥',b)
= g(a,a)g(b,b) +tg(a,a)g(a,b) = Ay(a,b),
with equality iff Ja = 60’ for some 6 > 0. However, if we require 2w(a, b)* = ||a||Z + ||b]|2,

then g(a,b) =0, g(a,a) = g(b,b), and w(a,b)? = g(a,a)?. As a result,
0 = Bl = llall2 + 12 — 29(Ja,b) = 2[all2 — 2(a,b) =0,
as desired. O

Exercise 2.1

(i) Let V' be a vector space with dimV = 2n. Then a 2-form w : V x V — R is non-
degenerate if and only if w" =w A --- Aw # 0.
—_—

n times

(ii) Use part (i) to deduce that if '€ Sp(n), then det T = 1.

(iii) Recall that an invertible matrix 7" can be written as 7' = PO with P > 0 symmetric
and O orthogonal, and that this decomposition is unique (polar decomposition). Show
that if 7" € Sp(n), then P and O € Sp(n).
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X =Y

(iv) Show that if " € Sp(n) N O(2n), then T = {Y X

} with X, Y two n X n matrices

such that X 4 ¢Y is a unitary matrix.

(v) Let V' be a vector space with dimV = 2n + 1. Assume £ is an antisymmetric 2-form
on V with
dim{v € V : f(v,a) =0 for alla € V) = 1.

Then there exists a basis {e1,..., e, f1,..., fn,a} such that B(e;,e;) = B(fi, fj) =0,
5(fj,€i) = 0;j, and B(a, fj) = pB(a, ej) = 0.

(vi) If T € Sp(n) and A € Ham(n), then T~'AT € Ham(n).
(vii) An invertible 7' maps the flows of 2 = Az to the flows of & = Bz iff B = TAT .
(viii) If C,Cy € Ham(n) and r € R, then C1+Cy, [Cy, Cy] = C1Cy—CyCy, Ct, rCy € Ham(n).
(ix) If Ty, Ty € Sp(n), then T4, T, 1Ty € Sp(n).
(x) Show that if (2.13) is true for all a and b, then T is either symplectic or ani-symplectic.

(xi) If Z(to,t) denotes the fundamental solution of & = JB(t)x with B : [tg,00) — S(2n) a
C'-function, then Z(to,t) € Sp(n) for every t > to.

(xii) If ! € Sp(n) for every t, then C' € Ham(n).
(xiii) If C € Ham(n), and pc(A) = det(A] — C), then po(A) = pe(—A).
(xiv) If T € Sp(n), then pr(A™1) = A™2"pp(N).

(xv) Let T be an invertible matrix and assume that n > 2. Show that if ro(T(E)) = r(E)
for every ellipsoid E, then T' € S’(2n).
0
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3 Symplectic Manifolds and Darboux’s Theorem

Before discussing symplectic manifolds, let us review some useful facts about our basic
example (R*", @) with @(a,b) = Ja -b. We write Sp(R*") for the space of differentiable
functions ¢ such that ¢*w = w. This means

pw(a,b) = &(¢'(x)a, ¢ (2)b) = w(a,b),

for every a,b,z € R?*". Here ¢/(x) denotes the derivative of p. A function ¢ € Sp(R*")
is called symplectic. Note that ¢ € Sp(R?") iff ©'(x) € Sp(2n) for every z. Hence for a
symplectic transformation ¢, we have

() I (z) = J.

Evidently w = Y7 | dp; A dg; = dX\ where A\ = Y7 p;dg; = p - dq. Let us define
(3.1) Aly) = /x.
v

Clearly ¢ € Sp(R?") iff d(o*A — \) = 0. Hence ¢ € Sp(R?") is equivalent to saying

(3.2) A(pory) = A(v)

for every closed curve . It is worth mentioning that if + is parametrized by 6 — z(6),
0 € [0,T], then

1

(3.3) Am:/o p~qd9=%/Ol(p@—mzi)d@:—/Ol(Jﬂf'i’)dﬁ

Given a scalar-valued (0-form) function H, we may use non-degeneracy of w to define a
vector-field Xy such that

w(Xpy(x),a) = —dH(x)a = —-VH(z) - a,

which means that Xy = JVH. We write ¢; = ¢ for the corresponding flow:

¢o(x) = .
Our interest in symplectic transformation stems from two important facts. Firstly, ¢, €
Sp(R?") if ¢; is a Hamiltonian flow. We have seen this in Section 1 and will be proved later

in this section for general symplectic manifolds. Secondly a symplectic change of coordinates
preserve Hamiltonian structure (see Proposition 3.1 below). More precisely, if ¢ € Sp(R?*?),
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and ¢, is the flow of Xy, then ¢, = =1 o ¢, 0 ¢ is the flow of a Hamiltonian system. To
guess what the Hamiltonian function of ¢y is, observe

d ! /\ — T
s = (¢ op Xyop= () IVHop

=—J(¢) JIVHop=J(¢ ) VHoyp=JV(Hop).

A pair (M,w) is called a symplectic manifold if M is an even dimensional manifold and w
is a closed non-degenerate 2-form on M. This implies that for each = € M, the pair (T, M, w,)
is a symplectic vector space. Also, by Exercise 2.1(i) we know that if dim(M) = 2n, then
the form w™ is a volume form. Hence M is an orientable manifold. In fact if M is a compact
symplectic manifold without boundary, then w is never exact. This is because if w = dA\,
then Q := w" = d(A Aw"'). But by Stokes’ theorem [, Q = [, d(A Aw"') = 0, which
contradicts the non-degeneracy of 2. Note however that (R*" @) is an example of a non-
compact symplectic manifold with @ = d\.

Example 3.1 (i) Any orientable 2-dimensional manifold is symplectic where w is chosen to
be any volume form.

(ii) The sphere S?" with n > 1 is not symplectic because any closed 2-form is exact, hence
degenerate.

(iii) The classical example (R?", &) has a natural generalization that is relavant for models in
classical mechanics: Every cotangent bundle 7% M can be equipped with a symplectic w = dA
where A is a standard 1-form that can be defined in two ways; using local charts and pull-
backing A to A, or giving a chart-free description. We start with the former. Let us assume
that M is an n-dimensional C? manifold and choose an atlas A of charts (U, h) of M such that
U is an open subset of M and h: U — h(U) :=V C R" is a diffeomorphism. This induces
a C! transformation dh : TU — TV =V x R®. We next define a natural transformation
h:T*U — T*V =V x R". To construct h, take the standard basis {ej,...,e,} of R"
and define é;(¢) = (d¢),(e;), where ¢ = h™'. (We may define T,M as the equivalence
classes of curves v : (=9,d) — M with v(0) = ¢, and two such curves 7; and ~, are
equivalent if (h o) (0) = (h o 72)'(0). We may then define é;(g) as the equivalent class of
79 (0) = 1 (h(q)+0e;). ) Certainly {é1(q),...,é,(q)} defines a basis for T, M. We now define

a basis for T L by taking dual vectors e7, ..., ey, that are defined €;(q) (2?21 vjéj(q)> = vj.
We now define h by

h (C],ij@;(Q)) = (h(q), (1, -, Pn))-

We finally define A as the unique 1-form such that for each chart (U, h), the restriction of
A to T*U is given by A\ = h*A. For an alternative chart-free description, observe that if
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7 : T*R™ — R™ is the projection 7(q,p) = ¢, then
dit : T(T*R") — TR" = R" x R"

is simply given by
d7t(qp) (v, ) = .
Hence we may write A, (@, 3) = p-a = p- (dit)gp(a, B). Going back to M, let us also

define 7w : T*M — M to be the projection onto the base point, i.e., 7(¢,p) = ¢ with ¢ € M
and p € Ty M. Since the following diagram commutes

™U ——> U

| [

RQn - y R”

™

we also have that their derivatives

T(T*U) -2 TU

al [

TR2n — . RZn

commute. Hence we also have

/\(qm)(a) =P (dﬂ(q,p)(a)) )

which gives the desired chart-free description of \. 0J

A differentiable map f : (M, w') — (Ms,w?) between two symplectic manifolds is called

symplectic if f*w? = w'. This means

(3.5) Wi (df (2)a, df (2)b) = wy(a, b)

for z € My and a,b € T,M;. We write Sp(M;, M) for the space of symplectic transforma-
tions. When M; = My = M and w' = w? = w, we simply write Sp(M) for Sp(My, M>).
We note that if f € Sp(My, Ms), then df () is injective by (3.5) and non-degeneracy of w’.
Hence, if such f exists, then dim M; < dim M,.

Let (M,w) be a symplectic manifold and assume that X is sufficiently nice vector field
for which the ODE & = X(z,t) is well defined. The flow of this vector field is denoted by
¢; = ¢7X. We wish to find conditions on X to guarantee that ¢fw = w. To prepare for this
let us take an arbitrary ¢-form « and evolve it with the flow; set a(t) = ¢;a. We would like
to derive an evolution equation for a(t). Let’s examine some examples.

Example 3.2 Assume that (M,w) = (R*", &).
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(1)

(ii)

(iii)

If = f is a O-form, then «(t) is a function u that is given by u(z,t) = f(¢:(x)). By
differentiating u at ¢ = 0 and using the group property of the flow (see the proof of
Proposition 3.1 below), we can readily show

ut:X-ux.

If « = m(x) dxy...dxg, with k = 2n, then a(t) = m(¢y(x)) det(p,(x)) dxy ...dxg. In
this case, differentiating in ¢ yields,
pr = po - X + p divX = div(pX),

because for small ¢, we have det(¢}(x)) = det( +tX'(x) + o(t)) = 1 + tdivX + o(t).
If w=F -dxis a 1-form, then

alt) = g = F(ou(x)) - 6)(2)ds = 6)(2)* F(n(x)) - da.
Hence, if we set u(x,t) = ¢,(z)* F(¢¢(x)), then
(3.6) u(z,t) = Xyp(z, t) u(z, t) + ug(x, 8) X (2, 1).

If u=(ul,...,u¥) and X = (X!, ..., X¥), then the i-th component of the right-hand
side of (3.6) equals

> (X, X) = (Z X) 300, )X
j j e J
As a result,

(3.7) up = (X -u), +C(u)X.
U

As Example 3.2(iii) indicates, a simple manipulation of the right-hand side of (3.6) leads
to the compact expression of the right-hand side of (3.7), that may be recognized as

(X u)y +C(u)X] - de =d(ixa(t) + ixda(t).

More generally we have the following useful result of Cartan:

Proposition 3.1 (i) Let X be a vector field with flow ¢; and let « be a (-form. Then

(3.8)

d * * *
a(ﬁta = Lx¢,a=¢;Lxa

with ﬁX :iXOd+dOiX.
(ii) Let X (-,t) be a possibly time dependent vector field and denote is flow by ¢s;. If a(t) =

prav for ¢ = ¢O7t, then

d
g@(w = EX(.’t)Oé(t).
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Proof We only establish Part (i) as the proof of (ii) is similar. Let us define
£6 = lim +(615 — 0
TR0k
whenever the limit exists. Since

(011 — 9 = @i (dha — a) = ¢p(dja) — dja,

it suffices to show that £ = Lx. Let us study some properties of L. From ¢;(a A ) =
p;a N @; B, we learn

GianB)—aNf=(¢ja—a) N¢;B+a(db—P).
From this we deduce
(3.9) LaNB)=aANLB+ LaAPp.
From ¢} od = d o ¢F, we deduce
(3.10) Lod=doL.

We can readily show that Lx satisfy (3.9) and (3.10) as well. Since locally every form can
be built from 0-th forms using the operations A and d, we only need to check that £L = Lx
on O-forms. That is, if f: M — R, then Lf = ix odf = df(X). This is trivially verified
because ¢(z) = x + tX () + oft). O

Armed with (3.8), we can readily find necessary and sufficient conditions on a vector field
X such that the flow of X preserves w. In view of Proposition 3.1,

() w=w foralltiff Lyw=d(ixw)=0.
This leads to two definitions:
Definition 3.1
o We call a vector field X symplectic iff ixw is exact.

e Given a differentiable H : M — R, we can find a unique vector field X = Xy = X
such that
(iXHw) = CL)(XH, ) = —dH.

(Note that the non-degeneracy of w guarantees the existence Xy.) The vector field
Xy is called Hamiltonian and its corresponding flow is denoted by ¢f.
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Example 3.2 If w,(vy, v9) = C(z)v; - vy is a symplectic form in R?", then Xy = —C~'VH.

OJ

As in the case of @, a change of coordinates turn a Hamiltonian flow to another Hamil-
tonian flow as our next Proposition demonstrates.

Proposition 3.2 Let (M,w) be a symplectic manifold. If ¢ : N — M is a diffeomorphism
and H : M — R is a smooth Hamiltonian, then X772 = (dp)~'Xg o ¢. In other words,

* VW o prw
0" X = Xjpo,, and

*
_ Xw * XYW X‘Pw
plogy Top =gy T =g ",

where ¢;* denotes the flow of the vector field X .

Proof By Lemma 10.2 of Appendix A, ¢ is the flow of ¢*Xj. Furthermore, for X = X
and X = (dp) ' X o ¢,

(" 0)elX(2), v) = Wiy (A X (2), (d)ev) = i) (X (9(2)), (dp)av)
= —(AH)y0) (dp)ev) = — (" (AH), (v) = —d(H 0 p).(v),

.
Fou as desired. O

for every v. Hence X=X
We now turn to the question of the equivalence of two symplectic manifolds or the
embedding of one symplectic manifold inside another symplectic manifold. As a warm-up,

let us discuss the analogous question for volume forms.

Theorem 3.1 (Moser) Let M be a connected oriented compact manifold with no boundary.
Assume that o and 8 are two volume forms. Then there exists a diffeomorphism o such that

pra=Bf [yyo=[y8

Proof Evidently if for some diffeomorphism ¢, we have ¢*a = 3, then

/Mﬂzfngp*a:/(p(M)&:/Ma.

As for the converse, assume that ¢ = | = | 1 B- Without loss of generality, we may
assume that ¢ = 1, and regard o and 8 as two mass (or probability) distributions on M.
We may interpret ¢ as a plan of transportation; a unit mass at x is transported to ¢(z)
so that after this transportation is performed for all points, the mass distribution changes
from « to 5. With this interpretation in mind, we may design a route for our transportation
so that this change of transportation is carried out in one unit of time. Equivalently, we
may search for a (possibly time dependent) vector field X such that if ¢, denotes its flow,
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then ¢ = ¢;. Note that if we set a(t) = ¢, then a(0) = o and «(1) = . This scheme
of finding ¢ has a chance to work only if there exists a path of volume forms connecting
a to 8. So for achieving our goal, let us first such a path. We now argue that in fact
the path a(t) = t6 + (1 — t)a would do the job. Since o and  are volume forms, locally
a=adr;N---Ndrand f=0bdxy---A...dx, with a and b non-zero and continuous. Since
Jyr o =[5, B, the functions @ and b must have the same sign. Hence ¢£ 4 (1 — t)a is never
zero, and as a result, a(t) is never degenerate. We next search for a vector field X (-, ) such
that its flow ¢, satisfies ¢ja = t5 + (1 — t)a. Differentiating both sides with respect to ¢
yields

f—a= %a(t) = Lxa(t) = d(ix.yo(t)).

by Proposition 3.1. But [,,(8 —a) = 0 implies that § — a = dv for some k — 1-form 7 (See
Lemma Al of the Appendix). The existence of X(-,t) with ix(.»a(t) = v follows from the
non-degeneracy of «(t). O

Remark 3.1. (i) As a consequence of Theorem 3.1, if M and N are two oriented compact
closed manifolds with volume forms o and 7 respectively, then they there exists a diffeomor-
phism ¢ : N — M with ¢*a = n iff M and N are diffeomorphic and fM o= fN 1. Indeed if
¥ M — N is a diffeomorphism, then a and g = ¢*n are two volume forms on M for which
Theorem 3.1 applies: there exists a diffeomorphism ¢ : M — M, such that ¢*a = ¢*n. We
then set ¢ = ¢ o)~ to deduce that ¢*a = 7.

(i) If M = TF and o = &(z) day A--- Aday, B = B(z) dzy A--- Adag, then p*a = § means
that a(p(x)) det ¢ (z) = B(z). If ¢ = Vw for some w : T — R, then &(Vw)det(D2w) = f.
This is the celebrated Monge-Ampere’s equation. However the function ¢ in Moser’s proof
is not a gradient. In fact the vector field X in the proof of Theorem 3.1 can be constructed
by the following recipe: First find a vector field Y such that div Y = B — &, so that if
v =S¥(=1)"Ydxy A - Adxj A -+ Aday, then dy = 8 — a. Such a vector field Y exists

because [(f — a)dx = 0. We then set
B V()
th(x) + (1 - t)a(x)

In fact for the existence of Y, we may try a gradient ¥ = Vu so that the scalar-valued
function u satisfies Au = 3 — &. Again this equation has a solution because [(8—é&)dx = 0.

X(x,t) =

(iii) There has been new developments for Moser’s theorem. In fact the transformation ¢
in Theorem 3.1 is by no means unique. However, one may wonder whether or not a “nice”
¢ exists. More precisely, let (M, g) be a Riemannian manifold. Assume that M is compact,
connected with no boundary. Using g we can talk about a Riemannian distance. More
precisely, let d(x,y) be the length of the geodesic distance between two points z and y.
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We have a natural volume form €2 that is expressed by (det[g;;])/2dx1 A - -+ A dxy, in local
coordinates. Consider two forms a = af) and § = bQ with a,b > 0 and [, a = [,, 6 =1.
Set

S(a, B) ={f: M — M with p*a = §}.

By Moser’s theorem, this set is non-empty. Monge’s problem searches for a function f €
S(a, 8) which minimizes the cost function

I(f) = /M (. f(x))p,

with ¢(xz,y) a suitable function of M x M. If we choose ¢(x,y) = 3(d(z,y))?, then the
minimizer ¢ is of the form ¢ = Vw for a conver function w. This was shown by Brenier
(1987, 1991) in the Euclidean case and by McCann in (2001) in the case of a Riemannian
manifold. Brenier observed that such a minimizer can be used to find a non-linear polar
decomposition. To explain this, let F' : U — R¥ be an invertible integrable function with
a = (F7YH*3 where 8 = dx; A -+ A dzxy, and « is a volume form. According to Brenier’s
theorem, there exists a convex function v such that (V¢)*a = . If we write p = (Vi) 1o F),
then p*8 = F*(V¢) ™3 = F*a = 3. As a consequence, any function F' can be decomposed
as F' = Vi op with ¥ convex and p volume preserving. It turns out that polar decomposition
implies the Hodge decomposition. To see this assume that F(z) = x + ef(z) with € small.
We then expect to have ¢(z) = 1|z|? + ep(z) + o(e) and pf(z) = & + em(x) + o(€). Hence

r+ef(x) =+ eVo(r+em(x)) + em(z) + o(e)
(3.11) =z +e(Vo(z) +m(z)) + o(e).

On the other hand, since p¢ is volume preserving,
1 =det(id + em’) = 1 + € div(m) + o(e).
From this and (3.11) we learn

f(z) = Vo(x) + m(x) with div m = 0.

(iv) Theorem 3.1 can be used to show that the total volume is the only invariant of volume
preserving diffeomorphisms. More precisely, if

V(M) ={a: «is a volume form on M}
with M compact and closed, and

c:V(M)—=R
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is a function such that c¢(a) = ¢(8) whenever p*a =  for some diffeomorphism ¢, then ¢
must be a function of [, . O

Given a manifold M with two symplectic forms o and 5, we may wonder whether or
not for some diffeomorphism ¢, we have p*a = 5. By Theorem 3.1, this would be the
case if dim M = 2 and fMa = fM B. However, when dim M = 2n > 4, we may have
non-isomorphic symplectic forms a and § with [,, o™ = [,, ". To see how the proof of
Theorem 3.1 breaks down, we note that we may fail to find a path of symplectic forms «()
that connects « to §. Even if such a path exists, the equation Lxa(t) = d ixa(t) = da(t)/dt
requires that da(t)/dt to be exact for ¢ € [0, 1]. Though both of these issues can be handled
locally as the next theorem demonstrate.

Theorem 3.2 (Darbouz) Let (M,w) be a symplectic manifold of dimension 2n and take
2% € M. Then there exists an open set U C R*™ with 0 € U and a diffeomorphism ¢ : U — M
such that ©(0) = 2° and p*w = ©.

Proof Since M is locally diffeomorphic to an open subset of R?", we may assume that
M =Uy CR? and 2° = 0 € U. In view of Proposition 2.1, we may also assume that wy = @©.
Our goal is finding an open set U C Uy with 0 € U, and a diffeomorphism ¢ : U — U with
©(0) =0 and p*w = @ = wyp. Indeed if w,(v1,v2) = C(z)v; - v2 and w(t) = @ + t(w — w), for
t € 10,1], then w(t),(v1,v2) = C(z,t)vy - v, with C(x,t) = J + t(C(x) — J) and C(0) = J.
Clearly, we can find an open neighborhood U = B,.(0) of 0 such that for x € U we have that
|C(z)—J| < ||J|| = 1, which in turn guarantees that C'(z,t) is invertible for (x,t) € Ux[0, 1].
This means that in U, the form w(¢) is symplectic for all ¢ € [0,1]. We then search for a
time-dependent vector field X (-, ¢) such that its flow ¢, satisfies

djw=w(t) fortel0,1].
From differentiating both sides with respect to ¢ and using Proposition 3.1, we learn
(3.12) w—w= ﬁx(.yt)w(t) =d ix(.yt)w(t).

In the ball U = B,(0), we can express w — @ = da for a 1-form a such that ap = 0. Hence
(3.12) would follow if we can find a time-dependent vector field X such that ix(.yw(t) = a.
By nondegeneracy of w(t), such a vector field X exists with X (0,¢) = 0 for every t € [0, 1].
We are done. O

Remark 3.2 If we write w = u - dv and @ = @ - dx near the origin, then X constructed in
the proof has the form

X(z,t) =C(tu(z) + (1 — t)ﬂ(x))_l(u(x) —a(z)) = C(z,t) H(u(x) — u(r)).
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O

As an immediate consequence of Darboux’s theorem we learn that any symplectic mani-
fold M of dimension 2n has a an atlas consisting of pairs {(U;, h;} with h; : U; — R**, such
that

hl‘ O hj_l . h]<Ul N UJ) — hZ(UZ N U]>

is symplectic for every ¢ and j. The family {(U;,h;)} is an example of a symplectic atlas
that always exists by Darboux’s theorem.

Exercise 3.1 (i) Show that Lx = doiyx + ix o d satisfy

[,XOdZdOE)(, EX(Oz/\ﬁ):(,CxOZ)/\B—I—OZ/\(,Cxﬁ).

(ii) Let (M,w) be a 2n-dimensional symplectic manifold. Assume that M is compact with
no boundary. Then for every j € {1,...,n}, there exists a closed 2j-form which is not exact.

(iii) Let (M1, w') and (My,w?) be two symplectic manifolds. Define (M; x Mo, w! x w?) with

(W' X W)@y (a1, a2), (b1, b2)) = w, (a1, by) + w)(as, by).
Show that (M; x My, w! x w?) is symplectic.

(iv) Let (M,w) be a symplectic manifold. Show that if p*w = fw for some diffeomorphism
©: M — M, and C* scalar function f, then either dim M = 2 or f is a constant function.

(v) Use polar coordinates in R2" to write ¢; = r; cosb;, p; = r;sin6;, and let e; (respectively
fi) denote the vector for which the g;-th coordinate (respectively p;-th coordinate) is 1 and
any other coordinate is 0. Set

ei(0;) = (cost;)e; + (sinb;) fi,  fi(0i) = —(sinb;)e; + (cos ;) fi.

Given a vector field u, we may write

n

u=Y(a'e;(6;) + V' fi(6:)).

i=1

The form o = u - dz can be written as

a=>(ddr;+ribdd;) = (a'dr; + B'd6;) .

i=1 i=1

Assume that all a’s and b’s depend on r = (ry,...,7,) only. What are the the necessary and
sufficient conditions on a and B in order for w = da to be symplectic.
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(vi) Let Uy and Us C B, be two planar open sets with smooth boundaries that are diffeomor-
phic to a disc. Show that if area(U;) = Us, then there is an area preserving diffeomorphism
¥ : R? — R? such that ¢(U;) = U, and ¢(z) = z for x ¢ B,. Here B, = {z : |z| < r}.
Hint: Construct ¢ from three diffeomrphisms v, ¥y and 3 with the following properties:

o ¢ : R? — R? with ¢, (z) = z, for ¢ B,, ¢1(U;) = Uy, and 1, is area-preserving on a
small neigherhood of OUj.

o 1), : Uy — U, is area preserving and 1(x) = 11 (z) for x near oUj.

e Y3: B, \ U, — B, \ U, is area-preserving and 13(z) = ¥, (z) for  near U, U OB, .
]
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4 Contact Manifolds and Weinstein Conjecture

In this section we will give two motivations for studying contact manifolds. As our first
motivation we observe that we can construct ezotic symplectic forms on R* from certain
contact forms in R*. Our second motivation is the Weinstein’s conjecture that predicts every
compact nonsingular contact level set of a Hamiltonian function carries at least one periodic
orbit of the corresponding Hamiltonian vector field.

We first give a simple recipe for constructing a symplectic form on M = M x R from
certain 1-forms on a manifold M: Given a 1-form o on M, define a4 (v, 7) = e*a,(v) for
every x € M, v € T, M, and s,7 € R. There is nothing special about e® and our approach
is applicable if we replace e® with a strictly increasing or decreasing C' function of s. The
question is whether or not w = d& is symplectic.

Proposition 4.1 Let M be any manifold of odd dimension and o any 1-form on M. Then
the form dé is symplectic iff {.(a) N & () = {0} for every x € M, where

by =L (a) ={veT,M: da,(v,w) =0 for everyw e T, M},
& =&(a) =kera, ={veT,M: a,(v)=0}.

Proof We certainly have da = e® (da —aA ds). As a result,

(), (v,7), (w, 7)) = € ((da) (v, w) — oy (V)T + ag(w)T).

From this we can readily show that if v € £, N&,, then

(dd)(z,s) ((U7 0)7 (w7 T,)) = 07

for every (w,7") € T,M x R.
Conversely, suppose that £,(«) N & (a) = {0}, and that for some (v,7) € T, M x R, we
have

(4.1) (da)z(v,w) — ap (V)T + ag(w)T =0,

for every (w,7") € T, M x R. We wish to show that (v,7) = 0. To see this, first vary 7’ in
(4.1), to deduce that a,(v) =0, or v € &,. Hence we now have

(4.2) (dav)z (v, w) + a(w)T =0,

for every w € T, M. If 7 = 0, then (4.2) means that v € ,. As a result, v € ¢, N, = {0}
and we are done. On the other hand, if 7 # 0, choose any non-zero w € ¢, in (4.2) to deduce
that a,(w) = 0, or w € &, which contradicts our assumption ¢, N, = {0}. (Note that since
the dimension of M is odd, ¢, # {0}.) This completes the proof. O
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Note that since dim M = 2n — 1 is odd, the dimension of /, is at least 1. Hence the
condition ¢, N &, = {0} implies that dim ¢, = 1 and dim &, = 2n — 2. Equivalently,

(4.3) T.M =10, D&,

for every x € M.

Definition 4.1 The pair (M, «) of a manifold M and 1-form « is called a contact manifold
if 0,(a) N &, () = {0} for every & € M. The Reeb vector field R = R* is the unique R € £,
such that a(R) = 1. The R-projection onto & is denoted by m = 7%; 7, (v) = v — . (v) R(x).
O

One of the main interest in contact manifold is the following conjecture:

Weinstein Conjecture The Reeb vector field of a closed contact manifold has a closed
(periodic) orbit. O

We next discuss the analog of Hamiltonian vector fields for contact manifolds.

Proposition 4.2 Let (M, ) be a contact manifold, and let H : M — R be a C* function.
Set H(z,s) = e*H(z). If ng = (Z,V), then the vector field Z and the function V : M — R
depend on x and are uniquely determined by the equations

(4.4) izda = dH(R*)a —dH, «(Z)=H, V =-—dH(R®).
Moreover, Lza = =V a.

Proof By definition

iz vyde = €’ (izda — a(Z) ds+ Va) = —e° (H ds+ dH) .

This implies that «(Z) = H and izda+Va = —dH. By evaluating both sides at R* we learn
that V' = —dH(R*), completing the proof of (4.4). The vector field Z is uniquely determined
by the first two equations of (4.4) because the restriction of da to ¢ is symplectic, and 7(2)
satisfies

irzydo = igzdo = dH(R")a — dH := v,

with ¥(R) = 0. Finally,
Lyo=izda+d(a(2)) =izda+dH = dH(R*)a = —Va,

by (4.4). O

Definition 4.2 Given a contact manifold (M,«), we say that a vector field Z is an a-
contact, if Lza+Va = 0, for some function V' : M — R. Moreover, given a C'' Hamiltonian
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function H, the unique a-contact vector field Z and scalar-valued function V' satisfying(4.4)
are denoted by Zy = Z3; and V§ = Vi respectively. O

Remark 4.1 (i) Note that if the flow of an a-contact vector filed Z is denoted by ¢, then

d
2 10 = 61Ls0 = —gi(Va) = ~(V 0 65

which implies
(610), = e b wl)q,,

(ii) Since Lra a = 0, the Reeb vector field is an example of an a-contact vector field. In
fact the flow of R* preserves a. 0

Example 4.1 When M = R?, the form o = u - dx is contact if and only if p = (V x u) - u
is never 0. Indeed,

da(vi,v2) = (V xu) X v1) -vg =t [(V x ), vy, 5]

which implies that when (V x u)(z) # 0, the set ¢, is the line spanned by (V x u)(z). In
this case the Reeb vector field is given by R = p~1(V x u), and

(4.5) aANda = pdry \deg A\ drs,

is a volume form. Moreover, if we write £ (u - dz) = (Lu) - dz, then
(4.6) Lyu=V(u-Z)+ (Vxu)xZ.

The contact vector field associated with H is given by

(4.7) pXg =uxVH+ H(V x u).

More generally, if M = R*"~! with n > 2, we may express a 1-form o as o = u - dx for a
vector field u. Moreover

B(v1,v2) = dog(v1,v2) = C(u)vy - g,

where C(u) = Du — (Du)*. The form « is contact iff u never vanishes, and the null space of
C(u)(x) is not orthogonal to u. The set ¢, is one dimensional and R* is the unique vector
in ¢, such that u(z)- R(z) = 1. Writing u* and Rt for the space of vectors perpendicular to
u and R respectively, then & = ut, and we may define a matrix C’(u) which is not exactly
the inverse of C'(u) (because C(u) is not invertible), but it is specified uniquely by two
requirements:
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o (i) C'(u) restricted to R* is the inverse of C'(u) : ut — R*.
e (ii) C"(u)u = 0.

The a-contact vector field associated with H is given by

(4.8) Xy =—-C'"(u)VH + HR.

OJ
As Example 4.1 and (4.5) indicates, in dimension 3, a form « is contact iff a A da is a
volume form. More generally we have the following elementary result.

Proposition 4.3 Let a be a 1-form on a manifold M. Then « is contact iff a A (da)"™1 is
a volume form.

Proof. Assume that (M,«) is contact and set 7 = (da)” . Since the restriction of
da to &, is non-degenerate and dim¢, = 2(n — 1), we may use Exercise 2.1(i) to assert
that (da)?! is a volume form on &,. More specifically, we may choose a symplectic basis
{e1,...yen_1, f1,. -, fu_1} for & so that if their duals are denoted by

{el, .. e o fro o fr b = {dxy ..., deon_o}
then do, =, f¥ A e;. From this we deduce
Vo= (n—1Ddxy A+ ANdrg,_s.

To show that o A v is a volume form, observe

2n—1

(@AY (U1, v20m1) = Y (D) a(wi)y(or, .. D, Vo)

i=1

which means that if dz denotes the dual of the vector R, then
aANy=m—1ldzANdxy A+ ANdxgy, s

The converse is left as an exercise. (See Exercise 4.1(ii).) O

If (NV,w) is a symplectic manifold and M is a closed co-dimension 1 submanifold of N, we
may wonder whether or not we can find a contact form « on M, § > 0, and a diffeomorphism
v M= M x (=0,0) = U C M, such that ¢*w = @, where @ = da, for & = e*cv. In words,
a neighborhood U of N in M is isomorphic to (M,&). As we will see below that this is
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possible whenever M is compact and there is a vector field X that plays the role of %. The
point is that if the flow of the vector field 2 is denoted by ¢y, then ¢(z,s) = (z,s +t) and

dra = ea = e'a.

Hence ¢ = e*t'da = e'@, which means

(1/) 0 O w_l)*w = e'w.

As a result, if

then
(4.9) (gzﬁf()* w = cw.

In fact the existence of a vector field X that satisfies (4.9) is exactly what we need for w to
be isomorphic to @w in a neighborhood of M.

Definition 4.3 Let X be a vector field on a symplectic manifold (M,w). We say X is
an w-Liowville vector field if Lxw = dixw = w. Equivalently, X is w-Liouville if (4.9) is
valid. 0

Remark 4.2 Note that if a Liouville vector field X exists, then we can define a 1-form
o = ixw which satisfies do/ = w. Moreover, since o/ (X) = w(X, X) = 0, we also have

(4.10) Lxd =ixdd =ixw=d, (6) o’ = €'
U

Theorem 4.1 Let (N,w) be a symplectic manifold of dimension 2n, and let M be compact
closed submanifold of M with dim M = 2n — 1. The following statements are equivalent:

(i) There exists a neighborhood U of M in N and an w-Liouville vector field X such that
X s transverse to M.

(ii) There exists a contact form o on M such that do is the restrictions of w to M.

(iii) There exists a contact form o on M, § > 0, and a diffeomorphism 1 : M =M x
(—0,0) = U C M, with ¢(z,0) = 0, such that if & = e’ and o = (2/1_1)*(34, then

do = w.
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Proof Suppose that (i) is true. In other words, there exists a Liouville vector field X such
that X (z) ¢ T, M for every x € M. Set o/ = ixw so that do/ = w. Write « for the restriction
of o to M. Set &, = ker «, and

by ={veT,M: w,(v,w)=0 forallweT,M},

for x € M. We wish to show that ¢, N &, = {0}. Pick any v € ¢, N &,. By definition,
wy(v,w) = 0 for all w € T,M. On the other hand w,(X(x),v) = a,(v) = 0. Hence
wy(v,a) =0 for all v € T, N because X transverses to M. Since w, is symplectic, we deduce
that v = 0. Thus « is contact. In summary (i) implies (ii).

The converse is carried out in several steps.

Stepl. Starting from a contact form o on M with do = wjps, we wish extend a to o with
do/ = w, and construct a Liouville vector field X in a neighborhood of M. First we construct
X on M. Recall that R = R denotes the Reeb vector field and &, = kera, C T, M is of
dimension 2n — 2. Since we hope to find X satisfying o = ixw on M, the restriction of such
X to M much satisty w,(X(x),v) = a(v) for every v € T, M. As a result, for every x € M
and v € &, we must have

(4.11) we(X(2),R(z)) =1, w.(X(z),v)=0.

It is not hard to construct a vector field X that satisfies (4.11). For example, we may use
Proposition 4.2 to take an almost complex structure J and a Riemannian metric g so that
w(vy,v9) = g(Jvy,v2). We then search for a vector field X of the form

X(z) = f(2) . R(z) + Y (2), Y(z) €&,
with f: M — R a scalar-valued function. To satisfy (4.11), we need

f=-9(R,R)~", lyw = —f<iJR w).

The latter equation has a unique solution ¥ € { because doy is symplectic. We note that
the first requirement in (4.11) implies that X (z) ¢ T, M for every x € M. In summary, we
have constructed a vector field X that transverses to M and satisfies ixw = a on M.

Step2. So far our vector field X (x) is defined only on M. Since M is compact and X
transverses to M, we can use the g-exponential map to define ¢(x,s) = exp,(sX(z)), so
that ¢ : M x (—=9,6) - U C N is a diffeomorphism. Here ¢(z,s) = 7(s), where 7 is the
unique geodesic with v(0) = z and #4(0) = X (x). (Alternatively, extend X to a vector field
X that is defined on a neighborhood of M, and set ¢(z,s) = ¢~ (z).) This map has the
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desired property on M,

w ( U1,7'1 do(z,0) ('UQ,TQ))

Wy (v1 + 71 X(x), vy + 1 X(z ))

wg (v1, v2) + lea:(X(x), va) + Towg (v, X (2))
= wy(v1,v9) + Tya(ve) — Tocx(vy)

(w+ds A\ )0 ((vl, 1), (v, 7’2))7

(¢"W)(2,0) ((Ula 1), (V2, T )

xT

because (;0)(v,7) = 7X(x) +v. Hence, if we define & = e’a and © = da on M =
X (=6,0), then p*w = @ on M = M x {0}. As a result, if we set W' = ¢*w, then

n:=w —is a closed form on M such that Ny = 0. As we will see in Lemma 4.1 below, the

form 7 is necessarily exact. In fact, there exists a 1-form 8 such that 5, = 0 and dj = 7.

Hence, v’ = d(& + ) with (& + 8)m = a. From this we learn that if o = (30_1)*(07 + ),

then do/ = w, and aiM = a.

Step3. So far we now that there exists a neighborhood U of M, and a 1-form o’ that is

defined in U and satisfies
ay =a, dd =w.

Since w is symplectic, we can find a vector field X in U such that ixw = /. This vector field
is a Liouville vector field because dixw = do/ = w. Moreover, since w, (X (z),v) = a,(v),
for every x € M and v € T, M, we learn that X (z) ¢ T, M for every x € M; otherwise
a,(R(z)) = 0 which is impossible. This completes the proof of (i).

It remains to show the equivalence of (i) and (iii). If (i) is true, simply define ¥ (z, s) =
X (z). Note that by (4.10), we have ¢*a’ = e*a’. Since

gzgt(ﬁ, s) = (1[1_1 o ¢ 0 w) (x,8) = (z,t+ s),

we deduce 5
X =
v Os
On the other hand, if & = ¥*¢/, then (qgs)*d = e°&, which implies that &, ) (v, 7) = €*ag(v),
because ¢ is the flow of 9/ds. We are done.
Conversely, if (iii) is true, then the Liouville vector field is given by

iy O
O

We continue with the proof of a Poincaré-type lemma that was used in the proof of
Theorem 4.1.

40



Lemma 4.1 Let ) be a closed I-form on M = M x (=3,8) with <oy = 0. Then there
exists an (I — 1)-form 5 on M such that dBS =n and Bimxqoy = 0.

Proof Define ®y(x,s) = (x,e’s) for y = (x,s) € M and § € R. Note that Ldy(y) =
Y (Pp(y)), for Y (x, s) = (0, s). Let us simply write M for M x {0}. Since ®¢(z, — ) = (z,0),
we have ®* _n = ny = 0 by our assumption. We now write

0 d 0
n=om— 2L n= / g Len di = / PyLyn db

0
=d [/ Dyiyn d@] =:dp.

For example, when [ = 2,

0
Blas)(v,7) = / Do) ((0,%5), (v, ¢")) df

—00

:/ Neweos) ((0,8), (v,€77)) ?db
—/0 N0 ((0,5), (v,07)) db.

From this we learn that § is well-defined and that 3,y = 0. The case of general [ can be
treated in the same way. U

Definition 4.2 If the assumptions of Theorem 4.1 are satisfied, we say that the submanifold
M is of contact type. U

Remark 4.3 An important consequence of Theorem 4.1 is that a neighborhood of a sub-
manifold M of contact type is isomorphic to (M , d)) This means that such a neighborhood
can be foliated into submanifolds that are, in some sense isomorphic to M. More pre-
cisely, if ¢; is the flow of the corresponding Liouville vector field X, then the hypersurfaces
(M?® = ¢(M) : s € (—6,8)) are all of contact type. In fact if we write ¢(M*) for the
corresponding line bundle,

(M?) ={veT,M°: w,(v,w) =0 for all w e T,M*},

and R*(z) for the Reeb vector field associated with (M?, o s )+ then we have the following
identities:

(412) <d¢s)x(£z(M0>) - gqﬁs(a:)(Ms)v (d¢s)m<R0(I>> = 68R8(¢s($))'
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The second equation is a consequence of (4.10):

& = o, (R()) = ol (R(2)) = (1), (BY(x)) = ol i ((d6.)o(R(a))).

We may also define a Hamiltonian function K = Ky : U — (=4,6) with K(M?®) = ¢°. In
other words, if ¢ is as in Theorem 4.1(iii) and H : M — (—¢,0) is defined by H(z,s) = e*,
then

(4.13) K=Hoy™\.
We can readily show )
X2 (a,5) = (R(x),0).

From this we deduce

Xi(9s(2)) = (d)) (2,5) (B (), 0) = (ds)o(R(2)) = €’ R*(¢s()),
because by Proposition 3.2 X o4 = (d¢)) X¢. In summary,
(4.14) (X3 e = €°R°.

Hence the periodic orbits of K coincide with the closed orbits of (R*: s € (—4,6)). O

As we learned from Remark 4.2, the hypersurfaces of contact-type may be regarded as
the level sets of a Hamiltonian function for which the corresponding Hamiltonian vector field
is closely related to the Reeb vector field. Now imagine that we start with a 2n dimensional
symplectic manifold (N, w) and a Hamiltonian vector field X4}, and wonder whether or not
level sets of H carry periodic orbits. We note that when the Hamiltonian function H is
independent of time, then the level sets of H are conserved because

d
o (Ho ) =dH (X0 0)') = —w(Xj, Xif) o 6y =0.

Let us write M(c¢) = {z : H(z) = ¢}, and set {,(c) := (T,M(c))". We call M = M(c)
regular if dH, # 0 for all x € M(c). Since dim T, M (c) = 2n — 1 for a regular M (c), we use
Proposition 2.1(i) to assert

dim l,(c) = 1.

On the other hand, since
T.M(c)={w: (dH),(w) = 0},

we deduce that indeed Xy (z) € £,(c), for ¢ = H(z) because for every w € T, M(c),

we(Xp(x),w) =—(dH),(w) = 0.
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This means that the line [, is parallel X (z). What we learn from this is that the existence
of a periodic orbit of X on M = M(c) is a property of M and w and does not depend on H.
In other words, if M possesses a periodic orbit of Xy and if M = {z : H'(x) = ¢/} for another
regular H’', then Xy possesses a periodic orbit as well. Evidently I, = (T, M) offers an
H-independent candidate for the tangent lines to the orbit. More precisely, if M is a closed
hypersurface of a symplectic manifold (N, w), define £,(M) = (T, M)" which is a line. We
always have (,(M) C T, M because if v € (,(M) but v ¢ T, M, then v 1I ({,(M) ® T, M) =
T, N which implies v = 0 because w is symplectic. As a result, Ly, = ||, (o is a line
bundle of M, and we can express our question of the existence of periodic orbits purely in
terms of this line bundle. The existence of periodic orbits is now reduced to the existence of
closed characteristics of the line bundle L. It turns out that there are hypersurfaces M and
symplectic structures w such that the corresponding line bundle has no closed characteristics.
However Weinstein’s conjecture asserts that if M is of contact type, then such a closed
characteristic can be found. In view of (4.14), the existence of a closed orbit of the Reeb
vector field follows from the existence of a periodic orbit of the vector field X where K was
defined by (4.13). From the preceding discussion and (4.14) we learn that we only need to
find a periodic orbit in a neighborhood of a hypersurface of contact type:

Proposition 4.4 Let M be a compact hypersurface of contact type of the symplectic manifold
(M,w). Let K = Ky : U — R be the corresponding Hamiltonian function that is defined for
a neighborhood U of M as in (4.13). If the vector field X has a periodic orbit in U, then
the Reeb vector field of M has a closed orbit.

Remark 4.4 As we mentioned in the introduction, Weinstein’s conjecture has been estab-
lished for the hypersurfaces of (R?",&) by Viterbo. As we will see in Section 6 below, we
will use Hofer-Zehnder Capacity to give a rather straightforward proof of Viterbo’s theorem.
The point is that if Hofer-Zehnder Capacity of a neighborhood U of a contact type hyper-
surface M is positive, then by very definition of this capacity, a periodic orbit would exist
for every Hamiltonian vector field with compact support inside U. From this it is not hard
to deduce that Xp,, also possesses periodic orbits. We then use Proposition 4.4 to conclude
that M carries a closed orbit. It is not known how to use the same line of reasoning to
settle Weinstein’s conjecture for general (N,w); it is not known how to show the positivity
of Hofer-Zehnder Capacity of open sets of general symplectic manifolds. Though the Wein-
stein’s conjecture has now been established for all closed 3-dimensional manifolds by Taubes
(2007) employing a variant of Seiberg- Witten Floer homology. 0

Starting from a symplectic manifold (N, w) with dim N = 2n, and a Hamiltonian function
H : N — R for which the level set M = {x : H(z) = ¢} is compact and regular, we have
seen that the line bundle £, (c) = (T, M) is well-defined. If we already know that w = da/
for a 1-form o/, in a neighborhood U of M, then using the fact that w is symplectic, we learn
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that there exists a unique vector field X such that ixw = o’. On the other hand
ixew=—dH, and ixw=a = o(X})=dH(X).
Hence

X(x) ¢ T,M forall z€ M < a=aj, isof contact type.

If M = M(c) is of contact type, then we also have a natural volume form oA (dor)"~" that
is defined on M and we expect it to be invariant under the flow of X§;. Indeed, if (M, w)
with w = da is as in Theorem 4.1, then

Q:=m)1a" =) e™ dsAaA (da)"t = dH Am,

where H = e’, and
m = (n)"t eV o A (da)" L

Using ¥ as in Theorem 4.1, we can write
(4.15) Q= (n)"' W' =dH A p,

where H = Ho ¢!, and p = (¢=1)"m. In particular, sy is a volume form for M when M
is of contact type. We now assert that in general we can always find a 2n — 1- form on M
that satisfies (4.15).

Proposition 4.5 Let (N,w) be a symplectic manifold with dim N = 2n, and assume that
H : N — R is a function for which the level set M = {x : H(x) = c} is compact and reqular.

(i) There exists a (2n—1)-form u such that the volume form 2 = (n!)~ w™ can be expressed
as

(4.16) Q=dH A u,

in a neighborhood of M.

(ii) The form pr is uniquely determined by (4.16): If w = dHAp = dH Ay then pyn = Hiar-
(i) (¢) par = pynr- In words, pu is invariant for ¢, restricted to M.

Proof (i) The existence of p is an immediate consequence of the non-degeneracy of dH # 0
on M. (See Exercise 4.1(vi).)

(ii) Write j : M — N for the inclusion map. We certainly have dH A (u — p') = 0. From

Exercise 4.1(vii) below we deduce that for some 2n —2 form v, p—p’ = dH A~y. As a result,
I(p— ') =Z(dH Nvy) = (ZdH) NI~y = 0 because ZdH = d(H o j) = 0.
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(iii) Write ¢; for ¢f. By (4.16),
Q= ;0 = (61dH) A g = d(H o ¢,) A 6t = dH A .

By uniqueness result of (ii), we deduce Zoju = Zp, or (¢ 0 j)* 1 = Zu. We may write
¢r0j = jo¢, where the second ¢, : M — M is the restriction of ¢, to M. Hence ®;Zpu = Zp,
as desired. 0
Remark 4.4 When (N,w) = (R?*",©), we can describe the form u of (4.16) explicitly. To

ease the notation, let us write k¥ = 2n. Note that if {g; : j = 1,...,k} is a collection of
smooth functions with Z?Zl g;H,,(—1)~" = 1, then we may choose for p,

k
M:Zgjdxl/\-~~/\dxj/\-~/\dxk.
j=1

For example g; = (—1)’~'H,,/|VH|?* would do the job.) We now claim

(4.17) /a = co/ \VH| do,
r r

for a constant ¢y. To see this, let us assume H,, # 0 so that locally we can find a function
f(z1,...,x5_1) with
H(zq, ... 251, f(x1,...,261)) = cC.

T

Hz,
j=1,...,k—1. On the other we can use the function f to express the volume measure
on M that is induced by the standard volume of R¥. More precisely, consider the vector
a=(ay,...,a) with

for

This means that the graph of f gives a parametrization of M and that f,, =

a(ﬂfl,...,.ﬁi‘j,...,l’k) ki
. = — —1 J
4 8(961, Ce ,.fk,l) ( )

for 1 <j <k IUT={(x1,...,261, f(x1,...,201)) : (21,...,7) € U}, then

k
/u:/ (Zajgj) dxq,...,dxg_q.
r v\

A IVH|
= 2
a= (E aj) = N

On the other hand
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Since locally either H,, > 0 or H,, < 0, we have

Jn=[ g

1
/\VH]G dxy, ydrp_q /]VH\ do,

proving (4.17). Note that this is consistent with the coarea formula
dzy,...,dz, =
[ aometn [ ] i)

We now give examples of contact type hypersurfaces.

c. ,dl‘k,1

Example 4.2(i) Let N = T*@Q for an n-dimensional manifold (), and let w = d\ denotes its
standard symplectic form as was defined in Example 3.1. The level set M of H : T*() — R
is of contact type if

(4.18) Nap) (X (g, p)) = p ((dm) g (Xu(q,p))) # 0,

on M. When ) = R", then (4.19) means that p- H, # 0 on M.

(ii) Let M be as in (i) and assume that H : T*Q — R is homogeneous of degree | > 0 in
the p-variable: for every r > 0,

(4.19) H(q,rp) = r'H(g,p).
We claim that this condition is equivalent to
(4.20) ixy A =lH.

The proof of the equivalence of (4.19) and (4.20) is straightforward when ) = R™ By
differentiating both sides of (4.19) we can show that H is homogeneous of degree | > 0 iff
p - H, = [H, which is exactly (4.20). The proof of general () is similar. Use the Darboux
charts we defined in Example 3.1, namely take h : U — R" as a chart of ) and use this to
construct h : T*U — R?" so that A = h*\. Define H : h(U) x R* — R so that Hoh = H.
By the construction,

h(g,p) = (h(q),p) = hlg,rp) = (h(q),rD),

for every r > 0. This implies that H is homogeneous of degree [ > 0 iff H is homogeneous
of degree [ > 0. Similarly,

ixsA=1H & h* (zXI%A):onB & iy, \=lH.
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This completes the proof of the equivalence of (4.19) and (4.20). From this and (4.18) we
deduce that M = {z : H(z) = ¢} is always of contact type for every homogeneous H and
10N-Zero C. U

Remark 4.5 We note that the Hamiltonian vector field Xy on T*( preserves the 1-form A
if and only if H(q, p) is (positively) homogeneous of degree 1 in p. Indeed by Proposition 3.1,
the form A is preserved by the flow of Xy iff

OZ,CXH)\ :doiXH)\‘I“'L.XH od\ = d(ZXH)\—H>

This is equivalent to assert that ix, A — H is a constant. Since adding a constant does not
change Xy, we may assume that the constant is zero so that the condition now is ix, A = H.
In view of the equivalence of (4.19) and (4.20), we deduce that Lx, A = 0 is equivalent to
the degree-1 p-homogeneity of H. 0

The positions of a conservative system are points in an n-dimensional manifold M that is
known as the configuration space. The phase space in Lagrangian formulation is the tangent
bundle T'Q). The motion is determined by a Lagrangian L : T'() — R. In the Hamiltonian
formulation we use a Hamiltonian function H : M = T*() — R to determine the motion of
the system. In our next example we study the level set of classical Hamiltonians.
Example 4.3 Observe that the Riemannian metric g on a manifold (), allows us to define

an operator §: T*@Q — T'() that maps 1-forms to vector fields by requiring
9q ((8p)q, v) = pg(v),

for every vector v € T, M. This duality also induces a metric on 7@ by

Gq(p,p") = gq(ip, £0).

Given a smooth potential energy V : ) — R, we define

(4.21) H(q,p) = %Gq(p,p) + V().

We now claim

(4.22) A (XF) = Gy, p),

for H given by (4.21). The proof is very similar to the equivalence of (4.19) and (4.20);
using h and A as in Examples 3.1 and 4.2, we can find a metric G on h(U) and a function
V : h(U) — R such that V =V o h, and H = H o h, where

H(q,p) =

Gy(p,p) + V(q).

N | —
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Writing G, (p, p) = A(q)p - p with A > 0, we deduce that X% = (S(q)p,—VV(q)). From this
we can readily deduce

A (XG) = Gylp, p)-
We then apply 2* to both sides to arrive at (4.22). Using the elementary Lemma 4.10, we
can now readily show that if

Mg ={(¢g,p) : H(q,p) = E'}

is compact and regular, and if £ > max V', then Mg is of contact type simply because for
such E we always have p # 0, whenever (¢, p) € Mg. It turns out that Mg is of contact type
even when £ < maxV (See [HZ]). It is worth mentioning that when £ > max V', then we
can define a new Riemannian metric

Gy(p,p) = %,

that is known as the Jacobi metric. We then have

Go(p.p) = 1}-

Mg = {(q,p) = H(q,p) = E} = {(q,p) = %

The Hamiltonian H (q,p) = %G’q(p, p) induces a Hamiltonian vector field X . It is simply
related to Xy by

(4.23) Xu(q,p) = Go(p. ) Xg(q,p), (a,p) € S.
Hence a periodic orbit exists on My for X if the same is true for X;. Geometrically, X
generates the geodesic flow defined by the Jacobi metric G on M = T*Q. O

We next discuss some examples of non-contact types hypersurfaces.
Example 4.3 (Zehnder [Z])

(i) Let M = T3 x I where T? is the 3-dimensional torus and I is an open interval. We
write 8 = (01,0,,03) € T? for points in T? and define H : M — I by H(0,s) = s. The level
sets of H are M, = T3 x {s} for s € I. Writing (x1,...,24) for (6y,05,03,s), any constant
skew-symmetric C' = [c;;], define a 2-formw =, j Cijdz; Ndz;. Note that each db; is closed
(but not exact), and ds is exact. Hence w is always closed because C is constant. As a result,
w is symplectic iff C' is invertible. Given a vector ¢ = ((, (2, (3) with (53 # 0, we define C' by

0 1 0 G
el -1 0 0 ¢
¢ =0 0 0 0 (s
-G G —¢G 0



We further assume that ( is irrational in the following sense:
a€Z a-(=0 = a=0.

Evidently, Xy = X% = C'VH that in our case leads to Xz = (£,0). Hence ¢(8,s) =
(0 + t(, s) where 6 + s( is understood as a (mod 1) summation; here we identify T as the
interval [0, 1] with 0 and 1 regarded as the same point. The irrationality ¢ guarantees that
X has no periodic orbit. Hence wyy;, does not induce a contact structure.

(ii) Let us write 2 = (g1, g2, p1, p2) for angles in a 4-dimensional torus T* that may be defined
as [0, 1]* with 0 = 1. Take a 1-periodic function f : R — R that can be regarded as a function
on the circle T. Let w = dpy A dq; + dpa A dgs + (dpy N dgo for an irrational number (. Take
H(x) = f(p1) so that X4 (x) = (f'(p1),(f (p1),0,0). The corresponding flow is

¢ (x) = (g1 + tf' (p1), a2 + Cf (1), p1s p2),

with (mod 1) additions. Again since ( is irrational, ¢ () is never periodic whenever f'(p;) #
0. O
As we mentioned in the beginning of this section, contact structures in R® can be used
to produce exotic structures. The process of going from a contact manifold (M, «) to the
symplectic manifold (M ,w) as in Proposition 4.1 is called the symplectization. For example
we equip
R ={(¢,p,2): ¢,p €R"', z€R},

with the so-called standard contact form & = p-q+dz, then the corresponding symplectization
(R?*", &) is isomorphic to the standard (R?*", ©). However if we equip R? with an overtwisted
contact form, the symplectization yields a symplectic form on R* that is not equivalent to the
standard symplectic structure. Before giving the definition of overtwised contact structures,
let us observe that if (M, «) is contact, then £ = ker « is never integrable. The reason is that
the integrability of £ is equivalent to a A da = 0 (see Lemma A.4 in Appendix), whereas the
contact assumption requires a A (da)” ™! to be a volume form by Proposition 4.3. In fact we
have a following results for integrals of &:

Proposition 4.6 Let (M, «) be a contact manifold of dimension 2n—1. IfT" is an | dimen-
sional submanifold of M with T,I' C &, = ker a, for every x € I', then dimI" < n — 1.

Proof Using Lemma A.3 of the Appendix, we can readily show that if X and Y are two
vector fields that are tangent to I', then da(X,Y) = 0. Simply because for X|Y € &, we
have a(X) = a(Y) = 0, and from X,Y € TT we know that [X,Y] € TT by Frobenius’
theorem. This means that if we use the symplectic form w = daj¢ for orthogonality, then
T,I' C (T,I")", which by Proposition 2.1 implies

2n — 2 = dim 7,I" + dim(7,1)" > 2dim 7, T".
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This clearly implies that dim 7,,I' <n — 1. U

Definition 4.3 We call a submanifold I of a 2n — 1 dimensional contact manifold (M, «)
Legendrian if T,,I' C T, M and dimI' =n — 1. O

Let us now examine contact forms on R3. If « is a contact form on R? and ¢ = ker « is
the corresponding contact structure, we expect that the plan field £ experience some twists
as we move along a hypersurface because £ is not integrable. Given a 2 dimensional surface
I', we may define a plane field v, = T,.I' N &,. For generic points of I', v, is a line and the
integrals of this line bundle have been used to classify the contact structures in R? or even
arbitrary 3-dimensional manifolds. The simplest way to produce examples of exotic contact
structures in R? is using cylindrical coordinates; ¢ = 7 cos 6, p = rsin 6 so that if z = (¢, p, 2),
then

dg = cos@ dr —sinf rdf), dp =sinf dr + cos@ rdf.

Example 4.4(i) If o = qdp — pdq — dz = r* df — dz, then for = = (q,p, 2),
& =1{(¢:p. %)+ qp—pj =2}

Observe that for I' = {z = 0}, the set 7, = T,I' N &, is a line only when = # 0. More
precisely,

Ve ={(4,5,0): ¢p —pq =0},
is the ray {(sq,sp,0) : s € R} if o # 0, whereas & = I'. So the line bundle {7, : = € I'}
has a singularity at 0. For example, on the {(s,0,0) : s > 0}, the vector u = (—p,q, —1)
twists from —7/2 to 0 as s goes from 0 to oo.

(ii) Let g =sinr rdf + cosr dz, so that
& =1{(G,p,2) : (rtanr)d = 2},

where (1+ tan26)0 = ¢ 2(qdp — pdg). Note that the curve {r = 7, z = 0} is Legendrian. If
we set
. ={(¢,p,e): r<m,

then the interior I'; has no singular point for € > 0 and OI" is Legendrian. We say a contact
form is over twisted if such I' = I', exists for 5. Note that for this particular example, if
we move along a ray emanating from the origin, the plane £, make complete turns infinitely
many times. 0

Exercise 4.1
(1) Verify (4.6)-(4.8).

(ii) Let M be a manifold of dimension 2n — 1 and let o be a 1-form on M. Show that if
a A (da)" ! is a volume form, then « is contact.
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(iii) Consider (R*", ) and let S be the boundary of a set A that is star-shaped with respect

to the origin. Assume that each ray emanating from the origin intersect S at exactly one

point. Show that S is of contact type. Hint: Show that X (z) = 1z is a Liouville vector

2
field.
(iv) Consider the contact manifold (R*"~! &). Let H(q,p,z) be a smooth function. Show

that the corresponding contact vector field Zy is given by

(Hp, —H, +pH.,—p- H, + H).

(v) Let S?"~! be a unit sphere in R**. The form X induces a 1-form ji on S**~!. Show that
(521 1) is not a contact manifold. Define p = $(p - dgq — ¢ - dp). Show that (S*"*, ) is a
contact manifold. Find its Reeb flow.

(vi) Let © be a volume form and let 7 be a non-degenerate 1-form. Show that there exists
a form [ such that Q =7 A .

(vii) Let n be an [-form and 7 a 1-form with 7 A = 0. Show that n = 7 A 7 for some
(I —1)-form ~.

(viii) Verify (4.22). O
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5 Variational Principle and Convex Hamiltonian
In this section, we use variational techniques to prove the following result of A. Weinstein:

Theorem 5.1 Assume that the hypersurface S C R?*" is the smooth boundary of a compact
strictly convex region. Then the Reeb’s vector field on S has a periodic orbit.

In fact Theorem 5.1 allows us to define some kind of a symplectic width or capacity of
convex sets K with nonempty interiors:

(5.1) co(K) :=inf {|A(7)]; 7 is a Reeb characteristic of 0K },

where the symplectic action A(~y) of v was defined by (3.1). Of course Theorem 5.1 guarantees
that co(K) < oo for every bounded convex set K of nonempty interior. Our strategy for
proving Theorem 5.1 is by figuring out an alternative dual like variational principle of (5.1).
Once this dual problem is formulated, we can readily establish its finiteness.

Example 5.1 Assume that U is an ellipsoid with 0 € U. We learned in Chapter 2 that
there are radii r; <--- <, and a linear symplectic T" such that T'(U) = E, where £ = {z :
H(z) <1}, with

2

n 9
q; +Dj
H(x):Z—] .

r4
j=1 J

: Tt : _ (e—iMity —idnt _
The corresponding Hamiltonian flow is ¢;(21,...,2,) = M L,e zn) where z; =

q; +1ip;, and \; = 2/r5. For y = (z1,...,2,) and fy [ T] R2” defined by v(t) = ¢:(v),
we have

T
A(fy)—§/0 w(y(s),7(s)) / Zlm %2 i\ ez ds
1
= 5T Nlal* = TH((0)).
J
If this v lies on OF, we must have H(y(0)) = 1 which means that A(y) = T for such v. Now
if v is a periodic orbit of period T" > 0, then we must have

2; 70 = \NT =2km, for somek € N.

This implies T > 27/\; = 7r?. Hence, co(E) > mr7. On the other hand, if we choose
(z1,...,2n) satisfying |21| = 71, and z; = 0 for j # 1, we have that A(y) =T = mr? for the
corresponding . From all this we deduce that for an ellipsoid F,

(5.2) co(E) = mri(E)2.
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Before embarking on finding the dual problem associated with (5.1), let us first review the
Lagrangian formulation of Hamiltonian systems. As we will see below, this formulation is not
well-suited for finding periodic characteristics on the boundary of a convex set. Nonetheless
we will learn some fruitful ideas from it that will play essential role later in showing the
finiteness of ¢co(U).

To study Newton’s equation with constraints, Lagrange initiated variational formulation
of conservative mechanical problems. Let L : TQ) — R be a C'-function. Given ¢°,¢' € Q,
we define B : T'7(¢%, ¢') — R with

Ir(q”,¢") ={v:[0,T] = Q is C' and 7(0) = ¢°, v(T) = ¢'},

Let us denote the argument of L by (¢,v) with v € T,Q and write L, and L, for the partial
derivatives of L.

We now claim that if ¢(-) is a critical point of B, then ¢ solves the Euler-Lagrange—
Newton’s equation

d

(5.3) —

Ly(q,q4) = Ly(q,4).

Indeed if we use the L2-inner product, then the derivative of B is given by

d .
_LU("Ya 7)7

(54) 0B(7) = Ly(v.9) — %

for every v € I'r(¢°, ¢'). To see this, take any n = n(0,t) with § € (—4,9) and ¢ € [0,T],
such that 7y(0,t) = 7(¢), and (0, -) = v(-). Now

(OB(2).7) == ~=B(1(0.")

0=0

:/0 [Lo(7,4) -7+ Lo(,4) - 7] dt
{ %Lv(vﬁ)] T dt.
) =

Here we used the fact that 7(0) = 7(T") = 0 which follows from n(6,0) = ¢°, n(6,T) = ¢'
for all 0. As an example, let L(g,v) = Z|v]* — V() in R™. Then the equation (5.3) reads as
m§ =—-VV(q).
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To explain the connection between Lagrangian formulation with the the Hamiltonian, let
us assume that () = R" and that for p € R" =T7Q, we can solve the relationship

p = Ly(q,v)
uniquely for v. Denoting the solution by v(q, p), and setting

H(gq,p) = p(v(p,q)) — L(q,v(q, p)),

we learn
H,=v+pv, —v,L, = v+ pv, — pv, = v,
H, =pv, — L,(q,v) — L,(q,v)v, = —L,(q, v).
Hence
(5.5) p=Ly(qv) < Hylqp) =wv,
and
(5.6) Hy(q,p) = —Lq(q, v).

If we set p(t) = Ly,(q(t), q(t)), then by (5.3), (5.5), and (5.6),

¢d=H,(q,p), p=—Hyq,p).

The inversion (5.5) is possible if we assume that L is strictly convex in v. In this case H can
be constructed from L by Legendre transform:

H(q,p) = sup(p- v —L(g,v)).

More generally, if L : T'(Q) — R is convex in v, we may define H : T*() — R by
H(q,p) = sup (p(v) = L(g,v))-

This relationship maybe inverted to yield

L(q,v) = sup (p(v) — H(q,p)).

p

If we assume that L has superlinear growth in variable v as |v| — oo, then H is finite
and the supremum is attained at v = v(q, p) so that (5.5) is valid.
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For a v-convex L, we may find solutions to (5.1) by minimizing 5. For example, if for
some constants ¢, co > 0 and a > 1,

(5.7) L(q,v) > c1]v]* — o,

for every v € T,N and g € N, and if 7, is a sequence in I'7(¢°, ¢") such that lim;_,., B(v;) =
A = inf B, then by (5.7) we have the bound

T
Sup/ |9:(t)|“dt < oo.
L Jo

This bound allows us to extract a subsequence of ; which converges weakly with respect to
the topology of Sobolev space W1, It turns out that B is lower semicontinuous because L
is convex in v. This allows us to deduce that for any limit point ¢(-) of the sequence 7(-),
we have that B(q) < A. Since A = inf B, we learn that B(¢) = A and that the infimum is
achieved.

In spite of the appeal of the above argument, it is not clear how to use it to prove
Theorem 5.1. Recall that we are searching for a periodic solution on a given energy surface.
Of course we could have chosen ¢° = ¢! so that our solution satisfies ¢(0) = ¢(7). But
to lie on the surface S we need to make sure that (¢(0),p(0)) € S. In fact the solution
we have found may not even be periodic in (g, p) coordinates because we cannot guarantee
p(0) = p(T).

To this end let us define another functional A of which critical points solve the Hamilto-
nian system. Set A : I'r — R to be

A = [ o= H)

_ /OT BJ;C i H(a:)] dt,

where

Iy ={z:R — R* is C! and T-periodic}.
We have
(5.8) OA(z(") = —Ji — VH(z),
because

(DA (), 7()) = - A+ b7)

6=0

ro- 1.
= —Jr-i+-Jr-7—VH(z) 7| dt
P 2

= —/T(Ja':+VH(:c))-T dt
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for every x,7 € I'y. From (5.8) we learn that 0.A(x(-)) = 0 iff x solves
(5.9) i = JVH(z).

Note that A involves H explicitly and no additional assumption such as convexity is needed.
However typically the critical points of A are saddle points and it is helpless to search for
(local) maximizers or minimizers. Because of this, finding critical points for A is far more
challenging. Before discovering a remedy for this, let us show that a hypersurface S as in
Theorem 5.1 can be realized as a level set of a convex homogeneous Hamiltonian function.

Definition 5.1 Let U C R?" be an open convex set with 0 € U. Set K = U for its closure.
(i) The gauge function associated with K is defined by

gk (z) = ||z||x =inf{r >0: z/re K} =inf{r >0: z/r € U}.

(ii) The polar set associated with K is defined by

Ke:={z: z-y<1 forallye K}.

(iii) The support function hy associated with K is defined by

(5.10) hi(z) := st;p{:v Yy e K}

Proposition 5.1 Let U C R?" be an open convex set with 0 € U and K = U.

(i) The gauge function || - ||k is a norm. Its Legendre transform is given by
<1 (:E y H)_ 0 if e K%
yp Y yiK) = %9 otherwise,
(ii) We have
(5.11) K={y: x-y<hg(x) forallx}.
(iii) We have K°° = K. Moreover,
(5.12) ||| e = hi(x), ||z]|x = hre(z).

(iv) If Hx(x) = 3||z||%, then its Legendre transform is given by Hy = 1h3 = Heo.
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Proof The proof of (i) and (ii) are left as an exercise. As for (iii), observe

o =inf{p>0: z/pe K°} =inf{p: z-y < p for every y € K}
=inf{p: hx(z) < p} = hg(z).

For the second equality, observe that since = -y < ||x||x for every y € K°, we have

|

hio(z) =sup{z-y: ye K°} <|z|k.
On the other hand, by (5.11),
|z||x =inf{p: x/p€ K} =inf{p: p '(x-2) < hg(2) for every z}
=inf{p: (z-2/hk(2)) < p for every z} = sup(z - z/hk(z))

< sup (2 y) = hie(2),
yeK®°

because z/hy(z) € K° always. This completes the proof of second equality in (5.12). Note
that two equalities of (5.12) imply that ||z||x = ||||ke-. As an immediate consequence we
conclude that K = K°°.

We now turn to (iv). We certainly have

Hida) =sup (2= 5l ) =swwsup sy = G ).
y y >0

If z -y > 0, then the t-supremum is attained at ¢ = (x - y)/||y||%; otherwise the t-supremum
is 0. As a result,

2 () — sup D [ ( y >]

2

Y [yl % Yy m
= [sup{z -y [yl =13]" = [sup{z-y: lyllx < 1}]°
= [sup{x-y: yeK}f:hK(a:)Q,

as desired. U
We next address the regularity of the function Hg.

Lemma 5.1 Let U C R?™ be an open strictly convex set with 0 € U, S = 0U, and K = U.
If S is C?, then Hy is C' and strictly convex.

Proof Write F(x) = ||x||x, 2H = 2H = F*. Note that F is not differentiable at 0. On the
other hand,

(5.13) D*F(x)|r,s >0, D?F(x)z=0
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for z € S. The latter follows from the homogeneity of F'; - VF = F and D*F(z)z = 0. To

see (5.13), let us look at the curvatures of S. Note that n(z) = <= is the unit normal to

— IVE()]
S and
Dn(z) = |VF(z)| ' D*F(x) + VF(z) @ V(|[VF(z)|™).

As a result,

Dn(z)a-a = |VF(x)|'D*F(z)a-a+ (VF(x)-a)(V|IVF(2)|™ - a).
As a result, if a € T,.S, then
(5.14) Dn(z)a-a = |VF(x)|"'D*F(z)a - a.

Since S is strictly convex, we have Dn(z) > 0. This and (5.14) imply (5.13).
Evidently H is C* and C? off the origin. Since H is homogeneous of degree 2,

VH =FVF,
D?H =VF ®VF + FD?F.

Hence,
D*H(z)a-a= (VF(x)-a)®+ F(x)D*F(z)a - a.

Note that if a = b+c with b||z and ¢ € T,.S, then (VF(x)-a)?> > 0if b # 0 and D*F(z)a-a > 0
if b=0 and ¢ # 0. Hence D*H () > 0 for all = # 0. O

Let us set H = Hyg and study the corresponding functional A. Note that A = Ar
is defined for T-periodic functions whereas for Theorem 5.1 we need a periodic orbit on
S = {H = 1/2} of some period. Of course if x(-) is such a periodic orbit of period T, then
y(t) = x (Tt) is 1-periodic and

(5.15) g =TJVH(y).

In view of the form of functional A, perhaps we should fix the period to be 1 always and
now insist that y(-) solves (5.15) for some 7. As a result, we now want to find a critical

point of
1

. 1 . !
T—l/ [ﬁJy-y—TH(y)} dt = o Jy-ydt—/ H(y) dt
0 0 0

with y a 1-periodic path and some T" € R. The scalar n = T~! resembles a Lagrange
multiplier that now is employed for a functional defined on an infinite dimensional space.
Motivated by this, define C : A — R by

Clx() = / H(x(t)) dt
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with 1
A= {x 'R — R* is O, 1-periodic and / Jr o dt = 1} .
0

It is not hard to show that A # 0.

Lemma 5.2 (i) Let y(-) be a non-constant critical point of C : A — R. Then either
VH(y) =0, or there exists a constant T such that y =T JV H (y).

(ii) If H = Hg, then any critical y(-) satisfies y :_TJVH(y) for some T > 0. Moreover,
2(t) = VTy(t/T) is a T-periodic solution of 2 = JVH(z), such that A(z(+)) = T/2 and
2H(z) = 1.

Proof First, let us determine the space Ty, .yA. Take a path z : (=9,6) — A with 2(-,0) = y(-)
and zg(+,0) = 7(-). The condition

1
/ Jz(5,0) - z(-,0) dt =1
0
can be differentiated with respect to 6 to yield
1 B 1
0:/ [Jy -7+ J7r- 9] dt:—2/ Jy - T dt.

0 0

In other words, for 7 € T()A, we always have
1 —
(5.16) / Ty -7 dt =0.
0

The converse is also true; if a 1-periodic function 7 satisfies (5.16), then the path z(t,0) =

y(t) + 07(t) lies in A and satisfies zp(+,0) = 7(+).
Now, if y(-) is critical for C, then %C(z(-, 9))|0:0 = 0. This means that y(-) is critical iff

1 1
(5.17) / Jy-rdt=0 = / VH(y) 7 dt =0.
0 0

In particular if y € A satisfies VH (y) = 0, it is critical. Assume that V H (y) is not identically
0. We then use (5.17) to deduce that for every 1-periodic 7 satisfying (5.16), and every T' € R,
we have

(5.18) /1 (Jy+TVH(y)) 7 dt=0.

29



We wish to select 7 = Jy+TV H (y) to deduce that Jiy+TV H(y) = 0. For the admissibility
of such selection, we need

1 1
/ |92 dt+T/ Jiy-VH(y) dt =0.
0 0
This can be solved for 71" if
1
(5.19) / Jiy - VH(y) dt # 0.
0

In fact if (5.19) were not the case, then we could choose 7 = VH(y) in (5.17) to deduce that
VH(y) = 0, which contradicts our assumption. Hence y must satisfy y = TJV H (y).

We now turn to the proof of (ii). For a critical y € A, we know that §y = TJVH(y). On
the other hand, since H is homogeneous of degree 2, we also know that y - VH (y) = 2H (y).
Hence

1 1
(5.20) 1:/ Jy-g)dtzQT/ Hy) dt = 2TH(y),
0 0

because H(y) is a constant function. Since y cannot be identically 0 by the constraint, we
deduce that T > 0 and that H(y) = (27)~". Now if z(t) = v/Ty(t/T), then obviously z is
T-periodic with H(z) = 1/2 by the homogeneity of H. On the other hand,

Ht) =T y(t)T) =VTJ VH(y(t/T)) = J VH(VTy(t/T)) = J VH(2(1)).

Finally
1 (T _ T (T _ T [t_ T
A(z) = —/ Jz- 2 dt = —/ Jy(t)T) - g(t/T)T™" dt = —/ Jy(t) - g(t) dt = =.
2 /o 2 Jo 2 Jo 2
This completes the proof of (ii). O

On account of Lemma 5.2, we only need to find critical points for C on A. Since H is
convex, we may wonder whether or not a minimum provides us with a critical point. It turns
out that sup, C = +o00 and inf, C = 0. Note that for H as in Lemma 5.2 infimum is not
achieved because if C(z(-)) = 0, then z(-) = 0 and %fol Jx - @ # 1 for such x(+). Let us study
an example to see why the infimum is not achieved.

Example 5.2 Assume that n = 1 and H : R? — R is given by H(z) = 7|z|?>. We already
know how to solve the corresponding system # = JVH(x); the solutions are given by
x(t) = (q(t),p(t)) = r(sin2nt, cos2nt), t > 0. The set {z : H(x) = 1/2} carries the periodic
orbit z(t) = (27)~/2(sin 27t, cos 2mt). The set A consists of 1-periodic y with fol Jy-ydt = 1.
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If y is a simple curve with coordinates ¢ and p, then fol Jy -1 dt is twice the area enclosed by
y. We can easily construct a sequence y;(t) in A with C(y;) — oo as | — oo. For example,

set y(t) = (2\/7 sin 27t ﬁflcos 27rt>, so that y € A and C(y;) = 27l + 5. This confirms

27l
sup, C = +00. As for the infimum, let us choose a sequence z; € A of high oscillation, say
z(t) = (2rl)~V/2(sin 27lt, cos 27lt). Since H(z) = (21)~}, we learn that inf, C = 0. O

From Example 5.2 it is clear that a control on C(y;) for y; € A guarantees no control on g,
and this results in inf, C = 0. We now follow an idea of Clarke to switch to a new functional
D which involves the derivative. To motivate the definition, observe that if

(5.21) y=TJ VH(y),

for some T > 0, then for any constant ¢ € R?",

%j(c —y) =TVH(y).

Writing w = J(¢ — y), we deduce that for H = Hg and G = Hgo,
(5.22) VG () =T(Jw + c).

because VH is homogeneous of degree 1 and (VH )71 = VG. Here we are using Proposi-
tion 5.1 to assert that H* = G. The condition fol Jy -1 dt = 1 becomes

1 1
1—/j(jw+c)-jwdt—/jw‘wdt.
0 0

Motivated by this and (5.21), let us define D : A — R by

Lemma 5.3 If w(-) is a C' critical point of D : A — R, then w solves (5.22) for some
constants T > 0 and ¢ € R*". Moreover if y = Jw + ¢, then y € A, y satisfies (5.21),
2TH(y(-) =1, and [, G(y) dt = T/2.

Proof As in the proof of Lemma 5.2, we can show that if w is a critical point for D on A,
then

1 1
/jw-Tdt:O = /VG(w)-T'dt:o,
0 0
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for every periodic C! path 7. This can be rewritten as
1 1
/ Jw-Tdt=0 = / VG(w) -7 dt =0,
0 0
Hence
1
(5.23) /(im+d—vmwy¢ﬁza
0
for every T' € R and ¢ € R?*". We wish to choose 7 so that

(5.24) F=TJw+d — VG().

For this, we need to satisfy two conditions:
1 1
/ (TJw+ ¢ — VG(w)) di =0, / (TJw+ ¢ — VG(W)) - Juw dt = 0.
0 0

These equations determine ¢’ and T because w € A is never a constant. Indeed if we solve
the first equation for ¢ and substitute it in the second equation, we get a linear equation for

T that has the coefficient )
1 1

/ | Jwl|? dt — </ Jw dt) ,
0 0

which is never 0 unless w is constant. Now choosing 7 satisfying (5.24) in (5.23) implies that
7 is identically 0, which in turn implies

(5.25) VG(w) =TJw+¢.

Since G is homogeneous of degree 2, we know that w - VG(w) = 2G(w). From this and
(5.25) we deduce

1 1 1
/2mmﬁz/wnvmmﬁ:T/waﬁ:T
0 0 0

Hence T' > 0 because G > 0 away from 0. We then choose ¢ so that ¢T" = c’. Substituting
this in the (5.25) yields (5.22). We can readily show that if y = Jw + ¢, then y € A and y
satisfies (5.21). Clearly (5.21) implies that 2T'H(y) = 1 by (5.20). We are done. O

We are now ready for the proof of Theorem 5.1.

Proof of Theorem 5.1 First we obtain some useful properties of G. Note that by homo-

geneity of G,
G(z) = |z[?G (i) .

]
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As a result, there are positive constants ¢; and ¢y, such that
|z |z f?

T
(5.26) A < G(x) < 275"

for all z € R*". From the homogeneity of G, we also know that VG(a) = |a|VG <ﬁ> This

in turn implies that for some constant cs,
(5.27) VG(a)| < eslal.

We then remark that even though we have worked with the space C!, our Lemma 5.3 is
valid for a larger space H!. The space H! consists of 1-periodic functions w : R — R?" which
are weakly differentiable with the weak derivative 1 € L?. That is, there exists v € L? such

that for every ¢ € O,
1 1
/w-édt:—/ v-C.
0 0

We simply write @ for the weak derivative v. Note that we can define D : A — R where

1
A:{wE’HI:/ Jw-wdtzl}.
0

In Lemma 5.3, we may replace A with A.

On account of our extension of Lemma 5.3, it suffices to find a critical point of D : A — R.
This can be achieved by showing the existence of a minimizer of D.

Set a = infg D and choose a sequence w; € A such that w;(0) = 0 and D(w;) — a. In
view of (5.24), we certainly have

1
(5.28) Cq = sup/ i | dt < oo.
L Jo

From this and Exercise 5.1(ii) we know

wn(t) — wi(s)| < v/ealt — s]'2.

This and w;(0) imply that w; has a convergent subsequence with respect to the uniform
topology. On account of (5.28) we may choose a subsequence such that

w; — w uniformly,

w; — v weakly,

for some v € L? and continuous w. We now assert that in fact w is weakly differentiable and
its weak derivative is v. Indeed if ¢ € C*, then

1 1

1 1
/w'Cdt:lim wy - ¢ dt = — lim wl~Cdt:—/v~Cdt.
0 l=o0 J 0

l—00 0
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It remains to show that w € A and
(5.29) a = D(w).
For the former observe
1 1 1 1
0 0 0 0
== Ql + QQ + Qg.
We certainly have that lim;_,, €2, = 0 and 23 = 1. Moreover
€| < |lw —wi| 2|t 22 — 0

as [ — oo by (5.28) and uniform convergence of w; to w. This shows that w € A.

It remains to establish (5.29). Since a = inf D, it suffices to show that D(w) < a. This
follows from the lower semi-continuity of the functional D which is a consequence of the
convexity of G. Indeed by convexity of G,

G(w) + VG(w) - (i — w) < G(uin).
Hence, X ) X
/ G(w) dt+/ VG(w) - (wy —w) dt g/ VG (uy) dt.

We now send | — oo. Since VG (w) € L? by (5.17) and w € L?, we know that the second
term on the left-hand side goes to 0. As a result,

l—o0

1 1
/ G(w) dt < liminf/ G(uy) = a.
0 0

Using H! version of Lemma 5.3, we know that for some y € H!, and T" > 0, we have
y = TJVH(y). Since the right-hand side is continuous, we use Exercise 5.6(i) to deduce
that for almost all ¢,

) = 0)+ T [ IVH(() ds

From this we deduce that in fact y € C'. As in Lemma 5.2, we may use y to construct a
solution z to & = JVH (x) with 2H () = 1 to complete the proof. O

As a corollary to the proof of Theorem 5.1, we derive two useful expressions for the
symplectic capacity that was defined in (5.1).
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Theorem 5.2 For every compact set K with the origin in its interior, we have co(K) =
cy(K) = cf(K), where

/ L 1 ! 2 H
(5.30) cy(K) : = inf 5/0 hi(w) dt

weA

T
cy(K) :=inf {5 . There exists a T-periodic orbit of Xg, on 8K} .

Proof Let w be a 1-periodic function in A that minimizes D. By Lemma 5.3, we can find
T > 0 and ¢ € R?" such that

1 1
- - T
(5.31) j = TIVH(y). / Jy-gdt=1, 2TH(y) =1, / G dt =,
0 0
for y = Jw + c. We then build z out of y by z(t) = vV/Ty(t/T), so that z is T-periodic and
(5.32) i=JVH(z), A(z() =7, 2H(z)=1,

by Lemma 5.2. Hence z(+) is a periodic orbit of X that lies on S = 0K. This immediately
implies

(5.33) co(K) < cp(K),  cp(K) < co(K).

For the reverse inequalities, let z be a periodic orbit of the Reeb vector field. By reversing
the orientation if necessary, we may assume that A(z) > 0. After a reparametrization, we
may assume that z is a T-periodic orbit of the vector field Xy with H = Hg, that lies on
the level set H = 1/2. Note that since H satisfies z - VH(z) = 2H, we have

A 1T 1" T
= Jz-Zzdt = - Jz- JVH(z) dt = - 2H(z) dt = —.
2y 2/, 2/, 2

This implies that ¢y = cj. Also this z (a T-periodic orbit of the vector field Xy ) satisfies
(5.32). Defining y(t) = T~'/22(Tt) yields a 1-periodic function which satisfies the first three
equations in (5.31). We then take any constant ¢ € R*® and set w = J(c — y) so that (5.22)
is valid, which in turn can be used as in the proof of Lemma 5.3 to derive the last equation
of (5.31). As in the calculation right after (5.22), we can use (5.32) to assert that y € A.
From this and the last equation of (5.31) we deduce that cy(K) < co(K) = cj(K). This and
(5.33) complete the proof. O

Remark 5.1(i) In (5.1), we defined co(K) for a convex set with smooth boundary. However
the equality co(K) = c(K) gives us an expression that is well defined for arbitrary convex
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sets with nonempty interior. In fact if w is a minimizer for ¢/(K) and z is the corresponding
orbit as in Lemmas 5.2 and 5.3, then z still solves 2 = JVH(z) in some generalized sense.
Given any convex function H, we may define its subdifferential OH (z) as the set of vectors
v such that
H(a) = H(z) 2 v- (a—2),
for all a € R?>". Now the corresponding Hamiltonian ODE reads as
3+ € JOH(2),

where % denotes the left and right derivatives. Similarly, the line bundle ¢, for x € 0K
consists of lines in the direction Jv, where v € dgk(x). So a Reeb orbit will be tangent to a
single line in the direction of JV gk (z) if it passes through a point x € K at which Vgg(z)
exists; otherwise there is a cone of directions {Jv : v € dgx(x)} that represents £,.

(ii) When H = Hg, then a T-periodic orbit z(-) on 0K yields periodic orbits on the other
level sets of the same period. Indeed if A > 0 and u(t) = v2Xz(t), then u still solves
@ = JVH (u), simply because VH is homogeneous of degree 1. What we learn from this is
that if T is the smallest period that a periodic orbit of Xy can have on 0K, then this T is
the smallest period that a non-constant periodic orbit can have any where in R**. Moreover,
since H(u) = 2AH(z) = A, then

co({H < A}) =T
It is this formula that generalizes to the Hofer-Zehnder capacity in Chapter 6. O

Example 5.3 Let VV and W be two open convex subsets of R” with 0 € V' and W. Set
K = A x B, where A =V and B = W. This convex set does not have a smooth boundary.
Nonetheless we can use ¢’(K) to define its symplectic capacity as we discussed in Remark 5.1.
We certainly have

OK = (0V x W) U (V x W) U (OV x OW).

It is the set OU x OV that is responsible for the non-smoothness of dK. (For example if
n = 1, then K is a rectangle and 0U x 9V consists of its 4 corners.) To figure out how a
Reeb orbit looks like, let us use the Hamiltonian function gx for which K is the level set

{9 = 1}. In this case gx(q, p) = max{ga(q), g5(p)}, and Agxc () = {Vgx(x)} is singleton
only in (8V X W) U (V X 8W):
(0,Vgs(p)  if (¢,p) €V x W

Vox(2.p) = {(ng(q),o) if (¢,p) € OV x W.

The corresponding Hamiltonian vector field is given by

(q,p) = {(VQB(p)’O) if (¢,p) €V x OW

X
(0,=Vgalq))  if (¢,p) € AV x W.

9K
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We now describe an orbit (¢q(t), p(t)) of Xy, on 0K with (¢(0),p(0)) = (g0, po) € V x OW:
(i) While in V' x OW, p(t) stays put and ¢(t) travels with velocity Vgg(po);

(ii) At some time ¢y, the position ¢(t) reaches the boundary 0V. Then it enters the set
OV x W through the point (¢(to),po) € OV x OW. While in OV x W, q(t) = q(to) = ¢1 stays
put and p(t) travels in W with velocity —Vga(q(to)).

(iii) At some time t;, the momentum p(t) reaches the boundary 0W. Then it enters the
set V' x OW through the point (q(to),p(t1)) € OV x OW. Then (i) is repeated with (qo, po)
replaced with (q(to), p(t1))-

The orbit we described in (i)-(iii) is a trajectory of a Minkowski Billiard. To see why
we have a billiard, let us describe the orbit when W = By(1) is the unit ball in R™: Given
qo € V and pg of length 1, we have the following orbit:

(i) A particle starts at go and travels with velocity py in V.

(ii) As ¢ reaches the boundary at ¢; = q(to), it enters {q(to)} x Bo(1). Then ¢(to) stays put
while py travels with velocity —n(q;) = —Vga(g1) which is the inward normal to OV at ¢.

(iii) As p(t) reaches the boundary of the unit ball at time t;, we simply have p; = p(t;) =
po — 2(ny - p1)n1, where ny = n(q). So, the relationship between py and p; is that of a
specular reflection.

From the preceding description, it is clear the if we ignore the time spent in 9V x W, what
we have is a billiard trajectory. The part of dynamics spent in 9V x W is for transforming
the incident velocity p(ty;) to the reflecting velocity p(ta;+1). If we calculate the symplectic
action of an orbit fOT p - dq, the part of the orbit inside 9V x W does not contribute because
q(t) stays put. From this we learn that for the capacity of K, we are dealing with a billiard
trajectory that is defined in the following way:

(i) We start from a point gy € V' that has a velocity Vga(po) with po € OW. The ¢-point
travels according to its velocity until it reaches the boundary.

(ii) At the boundary point ¢; = ¢(ty), the velocity changes from Vga(po) to Vga(p1), where
p1 = n(po,q1). The function np depends on the incoming velocity and the normal at the
boundary point.

Now a periodic Reeb orbit corresponds to a periodic Minkowski billiard trajectory. If we
write qo, q1,...,q € OV with ¢ = ¢1, for the hitting locations of a periodic Reeb orbit ~ of
the boundary, then

Av)=(@ —qo) - po+ -+ (@ —q-1) - P11,

where pg,p1,...,p are the corresponding momenta with p; = py, and pi1 = 1n5(¢, pi)-
In the case of a standard billiard (when B = By(1) is the unit ball), we have that p; =
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(¢i+1—4:)/|@i+1 — a:|, and A(~) is the total length of the billiard trajectory. So, c¢o(Ax By(1))
is simply the length of the shortest periodic billiard trajectory in the convex set A. O

In Example 5.3, we related co(A x B) to the the shortest (with respect to B) periodic
billiard trajectories in A. However in general it is hard to calculate the capacity of a convex
body. We now state a conjecture that would allow us to compare the capacity of a set with
its volume.

Conjecture 5.1 (Viterbo) If By, denotes the unit ball in R?", then

K K) 1"
(5.34) co(K) < [ Vol(K) } 7
C()(Bgn) VOl(BQn)
for every bounded convex set K C R?". 0

Of course we know that cy(Bs,) = m and Vol(Bs,) = ©"/n!. Also we have equality in
(5.34) if K is a ball.

Recently Artstein-Avidan, Karasev and Ostrover have observed that Viterbo’s conjecture
implies an old conjecture of Mahler in Convex Geometry that was formulated in 1939.

Conjecture 5.2 (Mahler) For every centrally symmetric convex set A of R™ with 0 in its
interior,

(5.35) Vol(A) Vol(A°) > 47 /nl.

0
To see how (5.34) implies (5.35), observe that if we apply (??) to the set A x A°, then

(5.34) reads as
(A x A°) < n! Vol(A) Vol(A°)

mn mn ’

which implies (5.34) if we can show that co(A x A°) > 4. This inequality was established by
Artstein-Avidan et al. in [AKO]. According to [AKO],

co(A x B) =4max{r >0: rB° C A}.

Remark 5.2(i) Several weaker versions of (5.34) have been already established. Viterbo
showed .

co(K) < { Vol(K) }"’

Co(Bgn) VOZ(BQn)
where 7, = 2n for a centrally symmetric K and v, = 32n for general convex K. Accord-
ing to Arestein-Avidan Milman and Ostrove (2007), we can choose the constant -, to be
independent of n.
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(ii) For a centrally symmetric convex set K with the origin in the interior, Gluskin and
Ostrover [GO] obtained the following bound

-1 —1
( sup w(a, b)> < co(K) <4 < sup w(a, b)) :
a,beK° a,beK®°

Exercise 5.1 (i) Verify Parts (i) and (ii) of Proposition 5.1.
(ii) Let w € H'. Show that w(t) = fg w(0)de for almost all t. Also show

. 1
w(t) —w(s)| < [lwflzz |t —s]2.

for s,t € [0,1] and L? = L?[0,1]. (iii) Prove that if y € H'! and fol y dt =0, then

1.
yllze < %H?/HL?-

(iv) Show that if A is a centrally symmetric convex subset R™ with 0 in its interior, then
co(A x A°) < 4. (Hint: Show that if the Hamiltonian flow starts from (0, Vga(q)) for some
q € OA then it reaches the boundary at ¢ and reflect backs on itself to hit 0A at —q for the
next hitting location. Such a periodic orbit has the value 4 for its action.) 0
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6 Capacities and Their Applications

In this chapter we assume the existence of a capacity for the symplectic manifolds and
deduce several properties of Hamiltonian systems. As we mentioned in the introduction the
non-squeezing theorem of Gromov inspired the search for symplectic capacities.

In (5.1), we assign a positive number cq(K) to every convex set with nonempty interior.
By Theorem 5.2, we have an alternative variational expression cj(K’) for co(K) that allows
us to easily verify two important properties of cg(-):

(6.1) KCK' = coK)<co(K'), co(AK) = Nco(K),

for every A > 0. Moreover, (5.1) allows us to show that c(K) is invariant under a symplectic
change of coordinates. More precisely, if 1) is a symplectic diffeomorphism and both K and
(K) are convex then

(6.2) co(K) = co(¢Y(K)),

because (di)),T,(0K) = Ty (0¢(K)), which implies

where the line £, (A) denotes the kernel of @ 4. (See also (4.12) and Proposition 4.4.) Clearly
the finiteness of co(K) is exactly Weinstein’s conjecture for convex subsets of R*". We now
wonder whether cy(+) has an extension to all subsets of R?". The finiteness of co(A) for a
bounded A would lead to the existence of a periodic orbit of the Reeb vector field on 0A as we
discussed in Remark 4.4. As a naive guess we may try co(K) = inf |A(~)|, with infimum over
the periodic characteristic of the line bundle ¢, (0K), which is always well-defined because w
is symplectic. But this cannot be a useful extension for our purposes because many smooth
hypersurfaces carry no periodic orbit as we saw in Example 4.3. We will offer shortly several
legitimate extensions of (5.1). Let us first formulate our wish-list for what an extension
should satisfy.

Definition 6.1 Write P(R?") for the set of subsets of R?". Then c : P(R*") — [0, 00] is
called a weak Fuclidean capacity if the following conditions hold:

(i) If ¢ : R*™ — R® is a symplectomorphism (i.e., a symplectic diffeomorphism with
P(R?™) = R*) and ¢(A) C B then c(4) < c(B).

(ii) c(AA) = X?c(A) for A > 0.

(iii) c(B*(1)) > 0 and ¢(Z**(1)) < oo, where B?"(1) is the Euclidean ball of radius 1, and
Z*(1) is the cylinder {(¢,p) : ¢ + p? < 1}.
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We say ¢ is a strong Fuclidean capacity if in place of (iii), we require the stronger
assumption

c(B*(1)) = c(Z?"(1)) = .
O
Definition 6.2 Write SM for the set of all symplectic manifolds. Then ¢ : SM — [0, o]

is a weak symplectic capacity if the following conditions hold:

(1) If ¢ : (My,w1) — (Ms,wse) is a symplectic embedding and dim M; = dim M,, then
c(Ml,wl) S C(MQ,CL)Q).

(ii) c(M, \w) = Ac(M,w) for A > 0.
(iii) ¢(B?"(1),®) > 0, and c¢(Z?"(1),0) < oo.

We say ¢ is a strong symplectic capacity if in place of (iii), we require the stronger
assumption

(6.3) c(B*™(1),w) = c(Z*(1),) = .

O

Note that the condition ¢(B?*(1),&) > 0, guarantees that ¢ = 0 is not a capacity.
The requirement c(Z*"(1)) < oo, disqualifies ¢(M,w) = | [,, w"['/", n = dim(M), to be a
capacity. A strong capacity for symplectic manifolds can be used to define a strong Euclidean
capacity by

(6.4) c(A) = inf {c(U,&) : AC U, U open in R*}.

The proof of this is left to the reader (Exercise 6.1(i)).
We now define four capacities.

Definition 6.3(i) (Gromov Width)

(M,w) = sup {mr”® : There exists an embedding from (B*"(r),®) into (M,w)},
(M,w) = inf {7r? : There exists an embedding from (M,w) into (Z*"(r),&)}

(ii) (Hofer-Zehnder Capacity) Given a symplectic (M, w), we first set H(M) to denote the
set C'! functions H : M — [0, 00) such that H = maxH outside a compact subset of M and
H = min H = 0 on some non-empty open set. We then set

~

H(M,w) ={H € H(M) : Xy has no periodic orbit of period T" € (0,1]}.
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We now define

(6.5) cuyz(M,w)= sup maxH.
HeH(Mw)

(iii) (Displacement Energy) First we define it for open subsets U C R?". Given a time
dependent Hamiltonian function H : R?*" x [0,1] — R, define

1
| H oo = / (sup H(z,t) — inf H(:c,t)> dt.
0 x z
We then define the displacement energy of a set U by
e(U) == inf {||H|wy: ¢ (U)NU =0, H is of compact support }.

As in (6.4), we may also define e(A) for arbitrary subsets of R**. More generally, if (M, w)
is symplectic and U is an open subset of M, then

e(U; M,w) := inf {||H e : P(UYNU =0, H is of compact support } .
0

Remark 6.1(i) The motivation behind the definition is Gromov’s non-squeezing theorem.
Later in Chapter 10, we give a minimax-type expression for ¢ and ¢ that is based on Gromov’s
proof of non-squeezing theorem and involves pseudo-holomorphic curves.

(ii) Let us write
T™"(H;w) = T™™(H) = inf {T : X}, has a non-constant periodic orbit of period T'}.
We may then write

cyz(M,w)= sup {maxH: T™"(H;w)>1}.
HEeH(M)

Obviously,

cyz(M,w) < sup (T™™(H;w)maxH).
HEeH(M)

Since a T-periodic orbit z(+) of Xy yields a T'/A-periodic orbit y(t) = z(t\) of Xy, we learn
(6.6) TN NH) = \'T™2 (H),

for every A > 0. As a result, if H € H(M) and T = T™"(H), then T™™(TH) = 1 and
TH € H(M,w), which in turn implies that Tmax H < cyz(M,w). In summary, for every
H of compact support,

M .
crz( 7W>7 and cyz(M,w)= sup (Tmm(H;w)maXH).

6.7 T (H;w) <
( ) ( ) max H HeH(M)
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When M = U is a convex open subset of R?" with 0 € U and K = U, then we may set
H = min{Hg,1/2} so that H = 1/2 in the complement of K and H(0) = 0. In some sense H
is the Hamiltonian for which the supremum in (6.7) is attained. Since H ¢ H(U), we choose a

sequence H; € H(U) so that H; — H as | — oo. This implies that cyz(U) = cgz(U) > c(U).
The details are left to the reader (see Exercise 6.1((v)).

(iii) If Xy = X§ has a periodic orbit = of period 7', then y(t) = x(Tt) is 1-periodic and
solves y = TJV H(y). By differentiating we obtain 4§ = T'JD?H (y)y, which in turn yields
the bound

T
lifllz> < aTllgllee < 5oz,

where a = max |D?H| and for the last inequality we used Exercise 5.1(iii). From this we
learn

2T

6.8 TNy > — —
(6.8) ( )_maX\D2H\

However, the capacity cyz(M,w), provides us with an upper-bound on the period that
depends on ||H|| only. Note that if we write T(H) = T (H;w) for T™"(H;w), then in some
sense, T (H) measures the size of the function H in some symplectic sense. In fact, for
H e H(U) and A > 0,

T(\H) = \T(H), cuz(U)™" max H < T(H) < (2r)"" max|D*H|.

(iii) From comparing (6.8) with (6.7) we deduce the bound
|H < (27) " cnz(U) max | D2H,
for every H with compact support in U. In fact it is elementary to show
|H|| < diam(U) max |VH|, max|VH| < diam(U)max|D*H|,

where diamU denotes the diameter of U. So, we have maximum-type-principle inequality of
the form
|H| < diam(U)? max |D*H|.

According to Alexandroff-Bakelman-Pucci (ABP) Maximum Principle,

1
diam(U) 5 "

In Viterbo [V], a symplectic geometry proof of ABP is given by using Hofer’s theorem for
the displacement energy (Theorem 6.2 (iv) below). O

Here are some straightforward properties of capacities.
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Proposition 6.1 Suppose that ¢ is a strong capacity.
(i) For every ellipsoid E, we have c(E,©) = nr(E)?.

(i) For every symplectic manifold (M, w),

c(M,w) < c(M,w) <¢(M,w).

Proof By Corollary 2.2, the ellipsoid F is symplectomorphic to the ellipsoid

E = {x : Zr;%qf—l—p?) < 1}.
1

Hence ¢(E, @) = c(F’,@). On the other hand,
B*'(r) C E C Z°(ry).

As a result, mr? < ¢(E', &) = c¢(E,&) < 7r?. This completes the proof of (i). The proof of
(ii) is left as an exercise. O

In Chapter 5 we had a candidate for the symplectic capacity of a convex set. It is
conjectured that all capacities coincide on convex sets.

Conjecture 6.1 ( Viterbo) For every convex subset K of R?" with nonempty interior, c(K) =
c(K). O

In Chapter 7 we will show that cp is a capacity.

Theorem 6.1 The Hofer-Zehnder function cyy is a strong capacity.

Remark 6.2 As we will see in Exercise 6.1(iv), it is not hard to show that ¢z (B**(1)) < .
Chapter 7 is devoted to the proof of cyz(Z?"(1)) < m. Let us explain how the coarea
formula can be used to prove the latter bound for n = 1. In fact we can even show that
cuz(U) < area(U) for every connected open set in the plane. According to the coarea

formula,
/f|VH|dm:/ (/ de) dr,
—o0 {H=r}

where dx and df denote the area and the length integration (see Proposition 4.5 and Re-
mark 4.4, or [EG] for the coarea formula). Hence if H € H (M) with support in an open set
U,

(6.9) area (U N {VH % 0}) = /0 e ( /U 1(VH #0) %) dr.

N{H=r}
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Now if z(-) is a periodic orbit of period T" that lies on the level set {H = r}, then its arc
length is given by
dl = |&(t)|dt = |VH(z(t))|dt.

Hence
dl
(6.10) / WVH £0) 2 > 7
UNn{H=r}

If T is the smallest possible period for the non-constant periodic orbits of Xy, then by (6.9)
and (6.10), we have A
(max H)T < area(U).

This in turn implies that cyz(U) < area(U). For the reverse inequality cyz(U) > area(U),
we need to find H : U — [0, 00) so that each nonzero level set {H = r} consists of exactly
one periodic orbit of period very close to area(U). In fact when U is convex with 0 € U, then
a slight modification of Hy would do the job as we demonstrated this in Remark 5.1(ii).
If U is simply connected, we can find an area preserving ¢ such that ¢(B**(r)) = U with
7r? = area(U). Then a modification of H(x) = |z|? yields a Hamiltonian in H(B?*"(r), and
this will be pushed forward to U by ¢ to yield the desired Hamiltonian. U

We now discuss four fundamental results in symplectic geometry that will be established
in this chapter with the aid of Theorem 6.1.

Theorem 6.2 (i) (Gromov) If there exists a symplectic diffeomorphism v : R*™ — R?*™ with
»(B*(r)) C Z*"(R), then r > R.

(ii) (Gromov, Eliashberg) If 1. : R*™ — R?" are symplectomorphisms such that 1, — 1
uniformly with ¢ a diffeomorphism, then 1 is symplectic.

(iii) (Viterbo) The Reeb vector field of a closed hypersurface S of contact type in R*® has a
periodic orbit.

(iv) (Hofer) For every open set U, we have cyz(U) < e(U).

As we will see later, parts (i) and (ii) are consequences of the existence a strong sym-
plectic capacity. Though (iii) and (iv) relies on the form of cg .

Proof of Theorem 6.2(i) If ¢ is a symplectomorphsim with (B?*(r)) C Z**(R), and ¢
is a strong capacity, then

r’m = c(rB* (1)) = e(B*(r)) = c((B™(r)) < e(Z*"(R)) = R,

as desired.
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Proof of Theorem 6.2(iii) On account of Proposition 4.4, we only need to show that if
K = Kg, then the Hamiltonian vector field Xy has a periodic orbit in a bounded neighbor-
hood V' of S. Recall that there exists an open set U with U = Uye(—s,6)S;, and K (Ss) = €.
To turn K to a Hamiltonian H € H(U), take a smooth function g : [e7%, ] — [0,1] such
that

g(r)=0 forr<e™?  g(r)=1 forr>e"2  ¢(r)>0 fore¥? <r < e?

If we H = g(K), then H € H(U). By Theorem 6.1, we know that cyz(U) < oo. From this
and (6.7), we deduce that Xy has a non-constant periodic orbit in U. This periodic orbit
must lie in

V=U{S: te(-9/2,6/2)}.
We are done by Proposition 4.4. 0

We now turn to the proof of Theorem 6.2(ii). The key idea of the proof is an equivalent
criterion for the symplecticity of a transformation that does not involve any derivative. This
should be compared to the notion of a volume preserving transformations. We can say that
a transformation is volume preserving if its Jacobian is one, or equivalently it preserves the
volume. The latter criterion is more useful when we want to show that a limit of a sequence
of measure preserving transformations is again measure preserving.

Theorem 6.3 (Ekeland-Hofer) Let ¢ be a strong capacity and let ¢ : R*™ — R?" be a
diffeomorphism. Then the following statements are equivalent:

(i) For every small ellipsoid E, we have c(¢¥(E)) = c(F).

(ii) Either ¥*w = w or v*w = —.

Proof Evidently if /*& = @, then (i) is true. If ¢*© = —®, then ¢*w = @ for ¥ = Y o 7,
where 7 is given by 7(g, p) = (p, ¢). We then have that for an ellipsoid E, c(¢(7(E))) = c(E).
On the other hand, if E is a standard ellipsoid given by

n

dortg+r) <1,

=1

then 7(E) = E. Hence for such ellipsoids, c(¥/(E)) = c(E). Since for any symplectic ¢ we
have (¢ o ¢)*@w = —w, we also have

c(p(E)) = c(E) = c(¢(p(E))),

for any standard ellipsoid . Now any ellipsoid can be represented as ¢(FE) for some linear
symplectic ¢ and a standard E. This completes the proof of (i) = (i).
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For the converse, assume (i) is true and define

or(z) = k(yp(a + k™ z) —(a)).

We have that ¢x(z) — ¢'(a)x locally uniformly as & — oo. Note that if £ is an ellipsoid
and 1 satisfies (i), then

c(on(E)) = e(kv(a+ k™ E) — ki (a))
= k'e(Y(a+kE))
=k’c(k'E) = c(B).
On the other hand, it follows from Lemma 6.1 below that lim ¢y (-) = ¢’(a) also satisfies

(i). We finally use Theorem 2.3 to deduce that the matrix A = 1/'(a) satisfies A*w = @ or
A*w = —w. By continuity we have ¢(a)*w = @ for all a or ¢ (a)*® = —& for all a. O

To complete the proof of Theorem 6.3, we till need to show that the property (i) of
Theorem 2.3 is preserved under a uniform limit. In Lemma 6.1 we prove a stronger variant
that does not assume that the functions {1y }ren are diffeomorphism.

Lemma 6.1 Let {¢x} be a sequence of continuous functions for which (i) of Theorem 6.3 is
valid. If vy — 1 locally uniformly and ¢ is a homeomorphism, then v satisfies (i) as well.

Proof Imagine that we can prove this: For every A € (0,1) and every 0O-centered ellipsoid
E, there exists kg such that for k& > ky we have

(6.11) Uk(AE) C9(E) C ¢p(A\TE).
Then we are done because

<c(r(ANTE)) =c(\TE) = A %c(E),
c(V(E)) > c(Yr(AE)) = ¢(AE) = Ne(E)

and yields property (i) for ¢ by sending A to 1.
To establish (6.11), let us write o), = ¥~ to1);,. Clearly the sequence @, converges identity,
locally uniformly in large k& limit. From this it is clear that for large k,

v oYp(AE) C E,

establishing the first inclusion in (6.11).
If 9 is a homeomorphism for each k, then the second inclusion in (6.11) can be established
in the same way. It remains to show that for large k,

(6.12) E C op(\'E),
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even when 1;’s are not homeomorphism. If (6.12) fails, then there exists a sequence k; — oo
and y, € F such that y; ¢ pr, (A" E). This allows us to define

_ (@) -y
@) = 1o @ =ul’

for z € A"'E =: E\. It follows from Lemma A.1 of the Appendix that deg f; = 0 where
fi + OEy — 8?7 ! is the restriction of Fj to OF,. On the other hand, we may define

g : OBy — 85?1 by gi(z) = \i:ggl' The function g¢; is well-defined for large [ because ¢y,

is uniformly close to identity over the set JFE). The function g; has deg 1 simply because g,
is uniformly close to x +— ﬁ which has degree 1. To arrive at a contradiction, it suffices to

show that g; is homotopic to fi. (By Lemma A.1 homotopic transformations have the same
degree.) For homotopy, define

By, 1) P () =ty
7 | ok, () — twl’

for x € OF,, t € [0, 1]. Again, since ¢y — id and ty, € E the homotopy is well-defined.
O

With Theorem 6.3 and Lemma 6.1 at our disposal, we can now give a straightforward
proof for Theorem 6.2((iii).

Proof of Theorem 6.2(iii) Let ¢, be a sequence of symplectic transformations such that
Y — 1 locally uniformly. Assume that 1 is a diffeomorphism. By Lemma 6.1, ¢ preserves
the capacity of ellipsoids and by Theorem 6.3, either ¢*w = @ or ¥*w = —w. We now need
to rule out the second possibility. Indeed if ¥*@w = —w, and we define

bp = Vp X id :R"™ 5 R, w=oxo,

then ¢fw = w, and ¢, — ¢ := Y xid locally uniformly. But ¢*w = *wxw = (—w) xw # fw.
As a result, we must have ¢*w = @. O

Motivated by Theorem 6.3, we may define the notion of symplecticity for homeomor-
phism. Note that if ¢ : R* — R?" is a diffeomorphism with *@ = —@, then ¢*0" =
(—1)"@", and if n is odd then ¢ can not be orientation preserving. Based on this we have
the following definition.

Definition 6.3 Let 1 : R*® — R?" be a homeomorphism. We say 1 is a symplectic
homeomorphism if either n is odd and ¢ is an orientation preserving transformation for
which c(i(F)) = c(E) for every ellipsoid E. Or n is even and v X id : R*""2 — R?"2 ig a
symplectic homeomorphism.
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From the proof of Theorem 6.2(iii) it is clear that if ¢y, is a sequence of symplectic home-
omorphism such that 1, — v locally uniformly, then v is also a symplectic homeomorphism.

We now turn our attention to the energy displacement. A fundamental theorem of Hofer
relates e to cyz:

Theorem 6.4 For every set A C R*,
The proof of Theorem 6.3 will be given in Chapter 8. Following [MS], we use Theo-
rem 6.1(iii) to establish a weaker version of Theorem 6.3 but in the more general setting:

Theorem 6.5 Let (M,w) be a symplectic manifold such that cyz(M x B*(r) < wr? for
every r > 0. Then for every open set U C M,

(6.14) c(U,w) < 2e(U; M,w).

Note that the condition c(M x B?(r) < wr? is valid for M = R?". As a preparation, we
start with two straightforward propositions:

Proposition 6.2 Let (M,w) be a symplectic manifold, and H : M x R — R be a time
dependent Hamiltonian function. Set

]\Z/::MXR2:{(at,h,t): x €M, h,t € R}, @ :=w+dt Adh,
w(livhvw = (¢t(x)7h+ H(¢t(x)7t) ,t),

with ¢y = qbfw Then transformation 1 is w-symplectic.

Proof Observe that if z = (z, h,t) and 2 = (&, iz,f) € T,M x R?, then

(@)% = ((ddn)oi + EX (00(2)), b+ EHy (91(2), 1) + (dH )00 (EXn(n(2)) + (do)a) )
As a result, (zZJ*(IJ) (2,2) equals to

(610), (8,8) +1 woe) (Xn(04(2)), (d680)28) = ¥ worio) (X (61(2)), (d6)2)
+ (at A ak) (B TH, (90(2), 1) + (AH) 0 (fXHwt(x)) ¥ <d¢t>xaz~> 1),

(h’+th( ( ). t) + (dH) g, o) (F Xn + (dy).2") ))
= wy (&, &) + (¢ (ix,w)), (t2' — '3 dmdk)( A)
+ (dt A dk) ((d (Ho@):&f (d Hoast 1))

=@,(2,2) — (¢;dH), (t7' — 1'3) + (thdk;)((d(H ¢1)o 1), (d(H o ¢,),3", 1))
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as desired. 0

Remark 6.3(i) In the case of M = R?", simply write ¢:(¢,p) = (Q,P), and k = h +
H (¢f!(z),t), and observe

ZdPZ/\dQUrdt/\dk del/\dql—i—z [P{dQ" Adt + Qi dt AdP'] + dt A dh
+Z H,,(Q, P,t) dQ' A dt + H,,(Q, P,t) dP" A dt]

:dei/\dqz-erh/\dt.

(ii) Observe that if « = p-dg — H(z,t)dt, then daw = @ + dt A dh, where h = H(z,t).
Regarding  as a new coordinate we get w = w + dt A dh. It is worth mentioning that if
H(z,h,t) = H(x,t) — h, and H'(z,s) :== H(z,t+ s), then

O (1) = (), H (" “(2), 0+ ) = H(w,t) + hyt +5),
which resembles ). 0
Proposition 6.3 For any pair of sympletic manifolds (M,w) and (M',w"), we have

(6.15) cpz(M x M',w®w') > min {cyz(M,w),cuz(M', ')}

Proof Given H € H(M) and H' € H(M') with max H = max H' = 1, set K(z,vy)

H(xz)H'(y). Note that K € H(MxM') withmax K = 1, and X (z,y) = (H’( )Xy (x), H (:)XH/(y))

Moreover if 2 = Xk (z), with z = (z,y), then
& =H'y)Xu(z), y=H@)Xw(y).

Clearly

d d
dtH( )_E}“) 0.

So if z is a T-periodic orbit with A = H(z) and X = H(y), then &(t) = z(t/\) is a T\
periodic orbit of Xy and §(t) = y(¢t/N') is a TN periodic orbit of Xp/. Hence

T>XT>T""(H,w), T>NT>T""(H ).

If both x and y are non-constant. Similarly, if z or y is constant but not both, then either
T >T™"(H,w),or T >T™"(H' ). In summary,

T™™(K,w ®w') > min {T™"(H,w), T™"(H',w")}.
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By taking the supremum over such pairs of (H, H'), we get (6.15). O

Proof of Theorem 6.4 To ease the notation, we write || - || for || - ||o,1. First observe
that it suffices to establish (6.14) for open sets U that are symplectomorphic to Euclidean
balls B, = {z : |z| < r}. More precisely, imagine that we can show the the following: If
¢ (B,,@) = (U,w) is a symplectic embedding, and ¢ = ¢, displaces V = ¢(B,), then

(6.16) mr? < 2||H].
Once this is established, we then take the infimum over such H to deduce
mr? < 2e(V; M,w) < 2e(U; M,w).

We then take the supremum over such balls to conclude (6.14).

Before embarking on the proof (6.16), let us explain the idea behind the proof. Observe
that the condition ¢ (V)NV = () is a property of the flow at time 1, whereas the right-hand
side of (6.15) involves the Hamiltonian function H. Because of this, we switch from ¢¥ to
1 of Proposition 6.2 that explicitly involves the Hamiltonian function. Let us define

h*(t) = max H(z,t), h (t)= min H(z,t), oz, t) =1(x,0,t), I =1V x]0,1]).

T

The set T is a hypersurface in M, and I' C M x Ay, where

Ey={(ht): t€[0,1], h e [h™(t), A" ()]},
In other words, 1)y embeds V' x [0, 1] into a cylinder like set M x Fy, and we wish to show
(6.17) 7r® < 2 area(Ep).

This indeed has the same flavor as our non-squeezing fact Theorem 6.2(iii), though V' x [0, 1]
is not a symplectic manifold. To rectify this, we replace [0, 1] with a planar set A and use ¢
instead of 1)5. More precisely,

A= ([~a,a] x [-2a,0]) U ([—e,€] x [0,1]) U ([1,2a] x [-2a,0]) =2 A~ U A’ U A"

Note that since V is an open set, we may change H slightly without losing the property
»(V)NV = (. More precisely, if we take a smooth function y = xs such that 0 < y < 1,
x(t) =1, for t € [6,1 — 4], and x(t) = 0 for ¢t ¢ (0,1), then for the Hamiltonian function
H'(z,t) = x(t)H (x,t), we have that |H| — ||H'|| = O(8), and if ¢/ = ¢!, then ¢ is close
to ¢ = ¢ and we still have ¢/(V) NV = 0, for sufficiently small 6. So without loss of
generality, we may assume that H(x,t) = 0 for ¢ close to 0 or 1. This allows us to extend
H for all times by setting H(x,t) = 0 fort < 0Oort > 1. Weset U = B, x A with A a
connected open subset of R2. Note
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e Y(x, h,t) = (z,h,t) fort <0,
o Y(z,h,t) = (p(x),h,t) for t > 1.
As a result, if we write W+ =V x AT, W9 =V x A° then
W) =W, (W) = (V) x AT, (U") € M x E(e),
where E(¢) is a small neighborhood of Ej for small e. We have the embedding
V:VxA— Mx(A"UE(E)UA").

We now want to use ¢(V) NV = ) to replace Z with a slimmer cylinder. To achieve this,
take a symplectic covering map A : R? — [R X Sl} U [R x (0, oo)] such that

AR x[0,1]) =R x S, Ah,t)=(h,1—1t), fort>1.

Since ¢(V) NV = 0, we have that the map ¥ (x, h,t) = (z, A\(h,t)) is a symplectic diffeo-
morphism. This time

(6.18) V:V XA Mx(A"UFE'(e)) =M x E".
with area(E'(€)) — ||H|| as € — 0. From (6.18) we learn
(619) CHz(V X A) < CHz(M X E”).

Choose an area preserving diffeomorphism ¢ with ((E”) is a disc D with area(E") =
area(D). Using the symplectic map id x ¢ we learn that M x E” is symplectomorphic
to M x D and by assumption cgz(M x D) < area(D). Hence cyz(M x E") < area(E").
On the other hand V' x A is symplectomorphic to B, x A. Hence (6.19) implies

(6.20) cuz(Br x A) < area(E").
To get a lower bound for the left-hand side, observe that by Theorem 6.1 and Proposition 6.3,
cuz(B, x A) > min{rr? area(A)}.
This and (6.20) yield min{mr?, area(A)} < area(E"). We then send ¢ to 0 to obtain
min{nr?,2(2a)?} < (2a) + || H]||.

Finally choosing r so that 7r? = 2(2a)?, yields 7r?/2 < ||H||. This completes the proof of
(6.16), which in turn implies (6.14). O

Exercise 6.1(i) Show that c given by (6.4) is a strong Euclidean capacity.
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(i) Verify properties (i) and (ii) for ¢, €, cyz, and Euclidean e. (Hint: For e, use H(z) =
N H(z/N).)

(iii) Verify Proposition 6.1(ii).
(iv) Show that cgyz(B**(1),w) > 7.
>

(v) Show that cyz (K, w)
interior.

co(K) for every bounded convex subset of R?" with nonempty

(vi) Show that e(U) = area(U) for every simply connected open subset U C R?. Use this
to show e(Z?"(1)) < w. Hint: Use Exercise 3.1(vi) to reduce the problem to the case of
U=10,a)* O
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7 Hofer-Zehnder Capacity

This section is devoted to the proof of Theorem 6.1. In fact we have the following result of
Hofer and Zehnder.

Theorem 7.1 For every convez set K of nonempty interior, cyz(K) = co(K).

On account of Exercise 6.1(v), we only need to show that cyz(K) < co(K). Similarly,
for Theorem 6.1, we only need to verify cyz(Z**(1),0) < 7. We now state a theorem that
would imply this.

Theorem 7.2 Assume Hy € H(Z*"(1)) with sup Hy > . Then the Hamiltonian flow of H
has a non-constant periodic orbit of period 1.

Let Hy € H(Z*'(1)). In fact we may assume that H, vanishes near the origin. This
is because we may replace H with H o 1) for a symplectic ¢ : Z(1) — Z(1) that satisfies
Y(x) = x outside a compact subset of Z(1). Indeed we may choose ¥ = ¢" where h is a
suitable Hamiltonian function that vanishes outside a compact subset of Z(1). For example,
first choose ho(z) = Jx - a for a fix vector a, so that ¢[°(z) = z + a, then set h = hgyx,
where x is a function of compact support in Z(1) that is identically 1 in a neighborhood of
the line segment connecting the origin to a. Using such v, we may shift a minimizer of H
to the origin. Since the flows of Xy and Xy, are conjugated, it suffices to find the desired
1-periodic orbit for Hy ot. From now on we assume that Hy in Theorem 7.2 vanishes near
the origin.

As our next step we extend H, to a Hamiltonian function H : R*® — R. For this, we
take an ellipsoid

1 n
E° = {xeR%:Q(w):q%+p3+l—22(q§+p§)<1}-

=2

Since Hy € H(Z*"(1)), we have that Hy = max H, for z ¢ K where K is a compact subset
of Z := Z?"(1). Choose [ sufficiently large so that K C E°. We now pick ¢ > 0 so that
max Hy > m+ € and pick a smooth function f : [0,00) — [0, 00) such that f(r) = max H for
r € [0,1], f(r) = (7 + e)r for large r, f(r) > (7 + €)r for all r, and 0 < f'(r) < 7 + € for
r > 1. We now define

) — Ho(l') ifx e EO,
(1) Hz) {f(@(:v)) it ¢ B

We note that H(z) = (7 + €)Q(z) for large x.
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Lemma 7.1 Assume that x(-) is a 1-periodic solution of © = JV H (x) with

1

(7.2) A(z(+)) = / (%Jx I — H(m)) dt > 0.
0

Then z(t) € E° for all t and x(-) is non-constant.

Proof Evidently Xy = 0 on OE°. Hence, all points on OE° are equilibrium points and if
z(t) = a € IE°, then A(x(-)) = —H(a) < 0 which contradicts (7.2). As a result, either
z(t) € E° for all ¢, or x(t) ¢ EV for all ¢t. It remains to rule out the latter possibility.

If z(t) ¢ E° for all ¢, then

b= JVH() = Q) IVQ),
L06) = F(@Q)VQ) - 1YQ() =0

Hence, for such z(-) we have that Q(x(-)) = Q°, and
A(z(+)) = /0 (%jx S — H(x)) dt

1
- [ [r@wa -« - @) a
= (@) - Q") < (m+ Q" = (1 + Q" =0,

which contradicts (7.2). Here we used the fact that 2Q(z) = VQ(z) - z. O

In view of Lemma 7.1, we only need to find a critical point of A which satisfies (7.2). Let
us first observe that A is not bounded from below or above. Indeed if yx(t) = (cos 2mkt)a +
(sin 27kt)Ja, for some a € R?*", then

1 1
/\yk(t)det=|a\2, /Jyk(t)-g)k(t)dt:%rk]a\Q,
0 0

which in particular implies that limy_, 4+ A(yx) = £00, whenever a # 0. Because of this, we
search for saddle-type critical points of A. A standard way of locating such critical points
is by using the celebrated minimazx principle.

To prepare for this, let us first extend the domain of definition of A from C! to the largest
possible Sobolev space which turns out to be the space of function with “half” a derivative.
We begin with H° = L? which consists of measurable functions

x(t) = Z 2 gy = Z[(cos 2mkt)I + (sin 27wkt)J)zy,

kEZ keZ
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with ), € R* and ||z[o = >, |zx|* < co. Here we are using the Fourier expansion of x(-)
where instead of ¢ = v/—1 we use —J. We write

1
(2, 9)0 = / o(t) - y(t)dt,
0
for the standard inner product of H°. Note that if

l‘(t) _ Z 627rktj$k and y(t) _ Z 627rktjyk,
k

k

then (z,y)o = >, zx - yr and ||z]|2 = (z,x)o. We note that fol H(x(t))dt is well defined for

every x € H° because H(z) = Q(x) for large . However, to make sense of fol Jx - dt, we
need to assume that z(-) possesses half a derivative. To see this first observe that if x € C*,
with o = >, e*™*/ 2, then

1
1.
—Jr-idt =7 klzg|.
I >
This suggests defining

HY? = {x eHO > [K||ail” < oo} :

k
We turn H'/? into a Hilbert space by defining

(,y) = (2, Y)1/2 = To - Yo + ZWZ || (zk - yk)-
kEZ
More generally, we define

(x,9)s = 0 - Yo + (2m)* Z k[ (o - ),
k€L

for every s > 0 and H?® consists of function z € H° such that ||z||?> = (z,z), < co. Observe
that if x € C', then fol |&(t)[2dt = >, (27k)?|z,|* and that in general z € H' iff x has a
weak derivative in L.

So far we know that our functional A is defined on the Hilbert space H?2. Let us take
an arbitrary Hilbert space £ and a function F' : £ — R, and explain the idea of minimax
principle for such a function.

Definition 7.1(i) We say that F is continuously differentiable with a derivative VF' if
VF : & — £ is a continuous function such that for all z and a,

F(x) = F(a) + (VF(z),z — a) + o(||x — al]).
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We say that « is a critical point of F' if VF(z) = 0.
(ii) We say that F' € C'(&; R) satisfies Palais-Smale (PS) condition if the conditions

(7.3) sup | F(z;)| < oo, llim VF(x;) =0,
l —00
for a sequence {z;} imply that {x;} has a convergent subsequence. O

Given a family F of subsets of £, define

a(F,F) = jlrelgilelgF(x) € [—o0, +0).

Theorem 7.3 (Minimax Principle). Let F' : £ — R be a Palais—-Smale function and assume
that the flow ¢; of the gradient ODE & = —V F(z) is well-defined for allt € RT. If p,(A) € F
for A€ F and that o = o(F, F) € R, then there exists x* € € such that

(7.4) VE(z*) =0 and F(z*) = a(F, F).

Proof It suffices to show

(7.5) inf {|[VF(z)|: o~ < F(z) <a’} =0,

for every pair of constants a™ and a~ such that o~ < o < a. Indeed if (7.5) is true, then
for every [ € N, we can find x; such that

a—Il""<F(r)<a+l™',  |[VF@)| <1

We then use the Palais—Smale property of F' to assert that {z;} has a convergent subsequence
that converges to z*. Since F' € C*, we deduce that VF(x*) = 0.
To establish (7.5), we argue by contradiction. Suppose to the contrary,

(7.6) inf {[[VF(2)|]: a~ < F(z) <at}=¢>0.
By the definition of «, we can find a set A € F such that

sup F(z) < a™.

z€EA

To get a contradiction, we use the flow of ¢; to come up with another set A = o (A) € F
for which sup 4 F' < o~ for sufficiently large ¢. Indeed, if z € A and F(¢;(x)) > a~, then

a” < F(¢s(x)) <a,
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for every s € [0,t]. From this and (7.6) we deduce

a” < F(gy(x)) = F(x) —/0 IVE(¢s(@)I* ds < o™ —te?,

which is impossible if ¢ > (o™ — a7)/e%. Hence we must have F(¢(z)) < a~, for such large
t. This in turn implies

sup F < a™,

$t(A)

which contradicts our assumption o~ < . Thus (7.5) must be true. U

Example 7.1 Let F' € C*(R% R) be a function which satisfies the Palais—Smale condition.
Assume that F' is bounded from below. Then F' has a minimizer x*, i.e., F(z*) = inf F.
This can be shown using Theorem 7.3 by taking F = {{z} : z € R%}. Similarly, when F is
bounded above, take F = {£} to deduce that the function F' has a maximizer. O

We now give two applications of Theorem 7.3.

Proposition 7.1 Let F' € C'(€) be a Palais-Smale function.

(i) (Mountain Pass Lemma of Ambrosetti and Rabinowitz) Assume that R C £ is a mountain
range relative to F in the following sense:

e £\ R is not connected,
o infp FF=: (> —00,
e [f A is a connected component of £\ R, then infa F' < 5.

Then F has a critical value o satisfying o > f3.

(ii) Let T and X be two bounded subsets of £ such that infr F' = > —o0, ¢(X)NT # O for
allt > 0, and supy, F' < 0co. Then F' has a critical point x* such that

F(z*) =inf sup F(z)>p.
120 zeg (%)

(As in Theorem 7.3, ¢; denotes the flow of —VF.)

Proof (i) Let £' and £ be two connected components of £\ R and set £ = {z € &£ :
F(z) < B}, for i =1 and 2. We now define

F = {7[0, 1] such that ~ : [0,1] — & is continuous with v(0) € £! and (1) € £2}.
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We set a = a(F, F) and would like to apply Theorem 7.2. Note that if A = ~[0,1] € F, then
ANR # () and sup, F' > 3. Hence a > 3. Evidently a < oo because A € F is compact. On
the other hand, if A =~[0,1] € F with v(0) = a; € £' and (1) = ay € £2, then ¢;(a;) € &
for j = 1,2 and t > 0, because

F(¢i(aj)) < Fla;) <

and ¢i(a;) ¢ R by infg ' = (. (ii) We simply take F = {¢(X) : t > 0}. Evidently
a(F, F) < supy F' < co. Moreover, since ¢;(X) N T # (), we have

sup F(z) > 8
tep(X)

for every t > 0. We can now apply Theorem 7.3 to complete the proof. U

Our goal is proving Theorem 7.2 with the aid of Lemma 7.1 and Proposition 7.1 for
F=Aand & =HY2 Let us write A = Ay — C where

1 [ 1
Aof) = 5 / Jr-idt, Clx) = / H(x)dt.
0 0
To differentiate A, we need the following operators: given z =), ekt T set

Pty = E ™y Plr =,
+£k>0

1 -
I(l’) = X9+ Z m@Qﬂkthk.
k#0

When we differentiate x(-), the k-th Fourier coefficient is multiplied by 2wk.J = —27ki, where
as in the definition of Z(x), the k-th coefficient is divided by 27|k|. In some sense Z is an
integration operator and it is easy to see

(7.7) IZ(2)[lx = [|lo-

Proposition 7.2 (i) The function A is C' with

(7.8) VA(z) =Ptz — P 2 —VC(z) = P'x — P~z — Z(VH(x)).
(ii) The operator C is a compact operator with

IVC(z) = VC(y)lly2 < collz = yll,
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where co = sup | D*H||.

(iii) The flow for the vector field —V A is well-defined for all times.

(iv) If VA(x) = 0, then x is C* and & = JVH(x).

(v) If VA(xz)) — 0 in HY?, then the sequence {x;} has a convergent subsequence. In
particular, the function A satisfies the (PS) condition.

Proof (i) Note that Ay is quadratic and therefore smooth. In fact for z = 3, 2™z,

1 1,
Aoz) = S whlanf? = SIP* ] = S Pa)?,
k

which in turn implies
(7.9) VAy(z) = (Pt — P )x.

We now turn to the functional C. Of course C is differentiable with respect to L2-inner
product and its derivative is given by VH(x). More precisely, since sup |[D?*H| = ¢y < oo,
we have

\H(z + h) — H(z) — VH(z) - h| < %W.
As a result,
c ¢
(Cla+ 1) — () — (VH(). kol < LI < LIS,
which implies VC(z) = Z(VH(z)), because
(VH(x), h)o = (Z(VH(x)), h)1/2,

completing the proof of (7.7).

(ii) The operator z(-) — VH(z(-)) maps bounded subsets of H° = L? to bounded subset of
H° because |[V2H (x)| < ¢p. The operator Z maps bounded subset of H° to bounded subsets
of H' by (7.7). By Exercise 7.1(iv) below, bounded subsets of H! are precompact in H'/2.
Hence VC is a compact operator.

For Lipschitzness of VC, observe that by (7.7)

IVC(x) = VCW)lli2 = 1 Z(VH(z) = VH(Y))|lj2 < |Z(VH(z) — VH(y)) |1
= [VH(z) = VH(y)llo < collz — yllo < collz — yll12-

(iii) Since VC is Lipschitz and VA is linear, we learn that VA is Lipschitz. This guarantees
that the gradient flow is well-defined.

90



(iv) Since VA(z) = 0, we have that Ptz — P2 = Z(VH(z)). If
T = Z 627rktj$k, VH(.Z') _ Z 627rktjak’
k k

then we deduce that ag = 0 and sgn(k)zy = (27|k|)tay for k # 0, or 2wkzy = ay, for all k.
Since VH(x) € H® = L?, we learn that >, |k|?|zx|* < oo, or & € H'. From 2rkzy = ax,
we can readily deduce that & = JV H (z) weakly. Since the right-hand side is continuous by
H! C C(Sh), we learn that z € C'(S!).

(v) Step 1. Take a sequence {z;} such that

(710) V.A($l) = P+J}l — P x — VC(ZL‘Z) — 0,

as | — oo. We first prove the boundedness of {z;}. Assume to the contrary
lliglo [@1|1/2 = oo

Observe that if y; = —"—, then by (7.8),

1
(711) P+yl — P_yl -7 <—VH(JIZ)) — 0.
[21]]1/2
Now we use
v o _
0,
H%Hm Neallryz =

to deduce that the sequence

T (;VH(@)> ,
||1’l||1/2

has a convergent subsequence in H!'/2. This and (7.11) implies that the sequence {PTy, —
Py} has a convergent subsequence. Without loss of generality, we may assume that the
sequence {P*y, — Py} is convergent. Since PT and P~ project onto the positive and
negative frequencies, we deduce that both sequences {P*y,;} and {P~y,} are convergent.
Since the sequence {y;} is bounded, the sequence {P%;} is bounded in R?*". Hence, by
switching to a subsequence if necessary, we may assume that y; = Py, + P~y + Py is
convergent. Let us continue to use {y;} for such a subsequence and write y for its limit.
Recall that for z € R*" with large |z,

H(z) = (7 + €)Q(2) =: Q(2)
where Q(2) = ¢7 +p + 17237 ,(¢f +p3). We now argue
VH(JIZ)

=0.
22172

0

(7.12) - VQ(y)

l—00
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To see this, observe

HVH (L‘l

l2l1/2

~VQ(y)

< |VH (1) = VQ)[aillj; + IV Q) — VQ)llo-
0

Now (7.12) follows because |[VH — V@] is uniformly bounded and |y, — y|/1/2 — 0. From
(7.12) and (7.7) we deduce

N

lim — T(VH(w)) = Z(VO()).

=00 [|zi|1/2
in H'/2. From this, lim;_. i = v, and (7.11) we deduce
Pty —Py—Z(VQ(y)) =0,

for y satisfying ||y|| = 1. This means that y is a critical point of

1 1_ ‘ .
Auly) = / [§Jy - Q(y)l dt
0
We then apply part (iv) where H is replaced with Q. As a result y is C and § = JVQ(y).

Hence (rte) (r+e)
y(t) = <e Arkeity, o2 gy et an> .

This is 1-periodic only if y = 0, contradicting |ly|| = 1. Hence the sequence {z;} must be
bounded.

Step 2. For a sequence {z;} satisfying (7.10), we know that {z;} is bounded. This implies
the precompactness of {VC(z;)} by the compactness of the operator VC. This and (7.10)
imply that z;" —z; has a convergent subsequence. As in Step I, we learn that { PTx;+ P~}
has a convergent subsequence. From this we deduce that {z;} has a convergent subsequence
because {P%z;} is also bounded. O

We are now ready to establish Theorem 7.2. On the account of Lemma 7.1, we need to
find a critical point of A with A(x) > 0. Note that our Hamiltonian H is supposed to vanish
on some neighborhood of the origin.

Proof of Theorem 7.2 Step 1. To ease the notation, let us write 2 = P*z, and
20 = P%2. We also write

HPP=E=E @& aET,
where £F and £° denote the ranges of the operators P* and PY respectively. Let us use the

variation of constants formula to derive a nice representation for the flow ¢; of the vector
field —V A:

(7.13) or(x) = '™ +2° + e 72! + K(x,1),
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for a function K : £ x R — £ that is continuous and compact. To see this, observe that the
flow ¢; of the vector field —V.Ay = P~ — P7 is simply given by

Gi(z) = e'a” + 2% + e a2t

From this, we can readily deduce (7.13) with K given by
t
K(z,t) = / (P~ + P’ + 5 ' PT)VC(¢s())ds
0
t
_7 / (=P~ + P° + ¢t PHYV H(s(2))ds
0

Here we are using the fact that P* and P° commute with Z. Now the compactness of K fol-
lows from the facts that the flow ¢ maps bounded sets to bounded sets (see Exercise 7.1(iii))
and that Z is a compact operator.

Step 2. To establish Theorem 7.2 with the aid of Proposition 7.1(ii), we need to come up
with suitable candidates for the sets I' and >. Define

P=r() = {r €&l =7,
Y=Y0)={rv:z=2 +2"+set:|lz7+2° <0, 0<s<0}

where et (t) = e2™/e; with e; = (1,0,...,0) € R?". Evidently supy, A < 00, because

1 62
Aw) < SIPYol s < Sl IR s

Let us check that indeed infr,y A = S > 0, for r > 0 sufficiently small. Recall that
|H(2)| < ¢1]z|* for a constant ¢;. This however doesn’t do the job and we need to use the
fact that H vanishes near the origin. This property implies that for every p € (2,00), we
can find a constant ¢;(p) such that |[H(z)| < ¢1(p)|zP. On the other hand, by a well-known

Sobolev-type inequality,
. 1
mmmz(/ruwvw> < co)llell e
0

for a universal constant co(p) (see Appendix B). As a result, if x € I'(r), and p > 2, then

Alx) = 2l - /"H )t e = i) [ elo) a

> Zlellye — @ P il = 577 — e (Pl =: B
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Evidently g > 0, if r is sufficiently small.

Step 3. On account of Proposition 7.1(ii), it suffices to show that if # is sufficiently large,
then ¢,(X(0)) NT # 0 for all ¢t > 0. The idea is that in some sense 9% and T' link with
respect to ¢;. That is, ¢;(0%) can not cross the circle I" as t increases, so I' must intersect
the “frame” ¢;(3). For this to work, we first show

(7.14) ¢e(0X)NT =0,

for every t > 0. If fact for (7.14) the requirement H(z) = (7 +¢)Q(z) with m+¢& > 1||eT 12
is used in an essential way. This is the only place that the condition of maxy; Hy > m of
Theorem 7.2 is used. Since infr A = [ > 0, it suffices to show

sup sup A <0.
120 4:(0%)

Since £ A(¢:(z)) <0, it suffices to show

(7.15) sup A < 0.
0%

We write 93 = 0,3 U 0,3 where 12 = {z € 0¥ : x = 2~ + 2°}. In the case of x € 9,2, we
have

A(z) = —%Hx_Hz —/0 H(z) dt <0

because H > 0. It remains to show that sup, 5 A < 0, for sufficiently large 6. Recall that
there exists a constant c; such that H(z) > (7 + €)Q(x) — ¢;. Hence, for x = 2= + 2% + se™,

Aw) = 31 = 5l - [ G

< ms? — 5”33_\]2 —(m+ e)/ Qz™ +2°+se) dt + ¢
0

= ms? — 1||gc—||2 — (7 +e) [/IQ(x—) dt + /OIQ(xO) dt + /OIQ(86+) dt} + 1

<——||x 12 — (7 +¢€) [/ Qz7) dt + Q(x ):|—682+Cl

<ca—clla” + 20 + lse]?)

for some constant ¢y, where for the first inequality we used H > (7+¢€)Q—c; and ||e™||* = 2m,
and for the second equality we used the fact that Q is quadratic and that £7,£7,&° are
orthogonal with respect to L?-inner product. It is now clear that if either ||z~ + 2% =6 or
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s = 0 with 6 sufficiently large, then A(z) < 0, proving supg,s; A < 0. This completes the
proof of (7.15) which in turn implies (7.14).

Step 3. To show that ¢(X) N T # @ for ¢ > 0, we need to find = € ¥ such that ||¢;(z)|| = r
and (P~ + P%)¢(x) = 0. The latter means

ele” + 2%+ (P~ + P))K(z,t) =0,
or equivalently,
(7.16) 2°+ P'K(x,t) =0, 2 +e'P K(x,t)=0.
To combine this with the former condition ||¢.(z)|| = r, define

L(z,t) = (1P~ + P)K(,1) + P*{(||ou(z)]| — r)e* — a}.
We can readily show that ¢;(3) NT # () is equivalent to finding x € ¥ such that
(7.17) x+ L(z,t) = 0.
We wish to find a solution of (7.17) in the interior of 3, which is an open bounded subset of
E=E aE @Re™.

Note that L: € x R — £ is a compact operator simply because K is compact and £ part
of £ is one-dimensional.

Step 4. We will use Leray-Schauder degree theory to solve (7.17). (We refer to Appendix C,
for a review of Degree Theory.) Note that by (7.14),

0¢ (I+L(-1)(0%).

Because of this, degy(/ + L(-, 1)) is well-defined. Observe that (I + L(-,s) : s € [0,t]) defines
a homotopy, which implies

(7.18) degy (I + L(-,t)) = degy(I + L(+,0)).

From the definition of K given in (7.13), we know that K(-,0) = 0. As a result,
L(z,0) = P{(ll«] = r)e” —=}.

To calculate the right-hand side of (7.18), let us define

L(z) = PT{(az] - r)e" — ax},
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for a € [0,1]. We claim
(7.19) 0¢ (I+L*)%).

Indeed if (I + L*)(x) = 0 for some z € 9%, then x = set for some s € {0,6} and s +
as|le|| —r —as = 0, or s((1 — a) + av/27) = r because |e*| = v27. Evidently s # 0
because r # 0. To rule out s = €, observe that we may take 6 large enough to have 6 > r.
But r = s((1 — @) + v27a) > s which implies that § > s. In summary x + L%(x) = 0 has
no solution in 9%, or equivalently (7.19) holds.

By (7.19), degy(I 4+ L%) is well-defined and by the homotopy invariance of degree,

degy(I + L(-,0)) = degy(I + L") = degy(I + L°)
= degO(I - ’I“€+) = degre+ (I) = 17

provided that re™ € X, which is true by our assumption r < 6. From this and (7.18) we
deduce that (7.17) has a solution x € ¥, for which A(z) > # > 0. This completes the proof
of Theorem 7.2 . O

Remark 7.1 The proof of Theorem 7.1 is similar to the proof of Theorem 7.2. We refer
to [HZ] for details and only give a list of adjustments that we need to make to the proof of
Theorem 7.2:

(i) Take a bounded compact set K with 0 in its interior. Given Hy € H(K) with max Hy >
co(K), pick m > max H, and define

) — Ho(l’> ierK,
) {f(@(@) itog K.

where Q = g%, and f : R — R is a smooth function such that f(r) = max H for r € [0, 1],
f(r) = mr for large r, f(r) > mr for all r, and 0 < f’(r) < m for r > 1. We then have the
analog of Lemma 7.1 for H provided that the ellipsoid F is replaced with K.

(ii) As we verify PS condition, let y be as in the proof of Proposition 7.2(v). We need to
get a contradiction from the conditions ||y|j1/2 = 1 and y = mJVQ(y), where Q = g%. Note
that y is a 1-periodic solution of X,,o. On the other hand,

Tmn(mQ) = (2m)~ T™"(Hy) = (2m)~! 2¢o(K) < 1,

where we used Remark 5.1(ii) for the second equality. This of course does not lead to a
contradiction. However, it is possible to find a new compact set K’ near K so that K’ has
no 1-periodic orbit. We then choose ) = g%, in part (i) in our extension.
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(iii) We now explain what the analog of the orbit e™ in the definition of § is. Set m = co(K)
and consider the Hamiltonian equation -z = mJVQ(x). This corresponds to the Hamiltonian

function Mm@ with A A
TmWL(mQ) _ (2m)—1 Tmm(HK) — 17

which means that the vector field mXy has a 1-periodic orbit z that lies on 0K. We
then set e = PTZ. We note that A(Z) = m > 0 which implies that e™ # 0, because
2A(z) = ||PTz||* — ||P~z|* In fact it was in the proof of

(7.20) sup. A <0,
ox.

in Step 3 that the form of e played an essential role. We refer to [HZ] for the proof of
(7.20). O

Exercise 7.1(i) Assume F € C*(R%R) satisfies limy,o F'(z) = oo and that F possesses
two distinct relative minima x; and x5. Show that F' has a third critical point z3 that is
different from z; and x,. Hint: Use paths connecting x; to zs for the members of F in
Theorem 7.2.

(ii) Show that F'(z,y) = e™* — y* does not satisfy Palais-Smale condition. Let
E* ={(z,y): F(z,y) <0, £y > 0}
and set
F={7[0,1]:7:[0,1] = R? ~(0) € E~, v(1) € ET and 7 is continuous}.

Show that a(F, F) = 0 but there is no z* with F'(z*) = 0 and that F' has no critical point.

(iii) Let G : &€ — & be a Lipschitz function and let ¢; denote the flow of the ODE & = G(x).
Show that for every [ > 0,

sup sup [|¢:(x)] < oo.
0<t<l ||z]|<!

(iv) Let H* = {x € L*: ||z||s < oo}. Show that if s < ¢, then a bounded subset of H is
precompact in H?.

(v) Show that if z € H? and 6 > 1/2, then x is Holder continuous with
j2(t) = x(s)] < cllz|t — s|*

with @ = min (1,8— %) Hint: Given z = ), 2™t write = y + 2z with z =
e?™ ) ... Estimate supy,_ t) — y(s)| and sup, |z(t)| in terms of § and N. This

Z\k\g}\f |t—s|<6 1Y Yy t

yields a bound for |z(t) — x(s)| that can be minimized with respect to V. O
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8 Hofer Geometry
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9 Generating Function, Twist Map and Arnold’s Con-
jecture

A Hamiltonian vector field Xy is generated by a scalar-valued function H. It turns out that
a similar phenomenon is true for any symplectic diffeomorphism at least locally. To explain
this, let us take a symplectic diffeomorphism ¢ : U — R?*" with U a simply connected open
subset of R?", and write

Ul p) = (Q,P)
with @ and P € R™. Since ¢*d\ — d\ = d(w*_j\ —_5\) =0 for A = ¢ - dp, we have that there
exists a scalar-valued function S such that ¢*\ — A = dS. In coordinates,

(9.1) P-dQ —p-dg=4dS.

The form of (8.1) suggests that perhaps we should regard S as a function of ¢ and @ so that
(8.1) is equivalent to

0S 08
9.2 — =Pand — = —p.
(9.2) 90 9~ 7
The scalar-valued function S is an example of a generating function. Its existence is guar-
anteed if we make some non-degeneracy assumptions on .

Proposition 9.1 Let ¢ : U — R?" be a symplectic transformation and assume that at
(¢°,p°) € U,

(9.3) det g—g( 0 p) #0.

Then there exist a neighborhood V' of ¢° and Q° = Q(¢°, p°), and a C' function S : V — R
such that (9.2) holds.

Proof From (9.3) and Implicit Function Theorem, the relation @) = Q(q,p) can be solved
for p = p(q, Q) for ¢ and Q near ¢° and Q°. We then set P(q,Q) = P(q,p(q,Q)). To solve
(8.2) for S, we need to verify the solvability criterion

Py +pq =0,
regarding P and p as functions of ¢ and @). This is exactly d(P - dQ — p - dq) = 0. U

Later we will discuss other types of generating functions. But let us first study some

examples. As our first example, consider ¥ = ¢;0; where ¢, is the flow of the Hamiltonian
ODE

(9.4) i = JVH(z,s).
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More precisely, z(s) = ¢p4(a) solves (9.4) subject to the condition ¢(t°) = a. Let us write
a(s) and [(s) for the ¢ and p components of z(s). We assume that for some open set V', the
equation (9.4) can be solved if (¢, Q) € V is specified. More precisely, if z(s) = (a(s), B(s))
with o, f € R™, then (9.4) has a unique solution subject to the initial and terminal conditions
a(t’) = ¢ and a(t) = Q. We then set

t

(9.5) S@@ﬂﬂ=/%@@@—HM$M@

with z(s) = z(s; ¢, Q).

Proposition 9.2 Under the above conditions, the function S is a generating function for
1 = ¢pp. Moreover, S satisfies the Hamilton—Jacobi equation

(9.6) Sy + H(Q, Sg,t) =0.
Proof Differentiating both sides of (9.5) with respect to g; yields

t
S, :/ By, &+ By, — VH - 2,]ds
t

0

= /t[ﬁqj &= oy, = VH -z ]ds + B(t) - ag, () — BEY) - g, (t°)

(9.7) - /t [ Jé — VH(x,5)] - 2y ds + () - g (t) — BE) - g (t°).

0

The first term vanishes because of (9.4). On the other hand, since

a(t’q.Q)=q, B(t%q.Q)=p a(t:q.Q) =Q,
we learn that oy, (t) = 0, and a4, (t°) = e/, where e/ denotes the standard unit j-th vector.

As a result, S, = —p;. The proof of S, = P; is similar.
As for (9.6), first observe

0

t
S(aatit ) = [ 18(s) als) = Hla(s), s)lds
t
Differentiating both sides with respect to ¢ yields
So-a+ Sy =p(t)-a(t) — H(at),t).

This immediately implies (8.6) because Sg = P = 8 and «a(t) = (Q, P) = (Q, Sg). O
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As our second example, let us study generating functions in the simplest case n = 1. For
this we consider symplectic ¢ : A — A with

A={(¢g,p): R* <@ +p* < R}

Such a transformation was encountered by Poincaré as he used a Poincaré’s section to study
solutions to Hamiltonian systems. Poincaré was interested in fixed points of ¢ because they
correspond to periodic orbits of the corresponding Hamiltonian system. As we will see such
fixed points exist if ¢ is a twist map.

A function ¢ : A — A is called a twist map if the following conditions are met:

(i) ¢ is a homeomorphism and the restriction of ¢ to A° is a diffeomorphism with det ¢’ =
1.

(i) ¢ maps the circles Cy = {¢* + p? = R%} to themselves with degp|c, = +1.

Our main result about twist maps is the following result of Poincaré and Birkhoft.

Theorem 9.1 Any twist map has at least two fized points.

In fact Poincaré established Theorem 9.1 provided that ¢ has a global generating function.
Such a generating function exists if ¢ is a monotone twist map. To prepare for this, let us
first observe that any twist map on A yields a twist map on the cylinder S x [R™, RT].
Indeed, if h : S' x [R™,R*T] — A is given by h(z,y) = (y/ycos2rz, /ysin2mnz), then
) = h™' oo his again orientation and area preserving because dq A dp = —wdx A dy. Now
Y S'X [R™,R"] — S x [R™, R"] has a lift

U:Rx[R,R"| >R x[R,R"]
which satisfies the following conditions:

(i) ¥ is a homeomorphism and the restriction of ¥ to R x (R, RT) is a diffeomorphism
with det ¥/ = 1.

(i) ¥ maps R x {R*} onto itself with
U(z, BY) = (£ + f*(2), BY),
where f* is 1-periodic.

(iil) U(x+ 1,y) = ¥(x,y) + (1,0).
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Such a map U is again called a twist map. We also write ¥(z,y) = (X,Y) with X and
Y functions of (x,y). We note that we may replace (ii) with the condition Y (z, £R) = £R
and +A,(x) == £X(z,£R) > £x.

We now formulate a condition on ¥ that would guarantee the existence of a global
generating function S(z, X) for U. A twist map ¥ is called monotone if

0X
(9.8) 8_y<x’y) > 0,

for all (z,y) €e R x (R~,R").

Proposition 9.3 Let ¥ be a monotone twist map. Then there exists a C? function S : U —

R with

U={(z,X):A_(z) < X < Ay(2)}
such that

\Ij(ma _Sm<x7X>) = (Xv SX(an»
Moreover
(9.9) S+ 1,X+1)=5(x, X), Sex < 0.

Proof The image of the line segment {x} x [R™, RT| under ¥ is a curve vy with parametriza-
tion y(y) = (X(z,v),Y (z,y)). By (9.8), the relation X (z,y) = X can be inverted to yield
y = y(z, X) which is increasing in X. The set v[R~, RT| can be viewed as a graph of the
function

X = Y(z,y(z, X))

with X € [A~ (), AT(z)]. The anti-derivative of this function yields S. This can be geomet-
rically described as the area of the region A between the curve v([R~, R*]), the line Y = R~
and the vertical line {x} x [R~, R™]. We now apply ¥~! on this region. The line segment
{X} x[R~, R"] is mapped to a curve 4([R~, R"]) which coincides with a graph of a function
x — y. Since U is area preserving the area of ¥~1(A) is S(x, X). From this we deduce that
Sy = —y. Here we have used the fact that U~! is a (negative) twist map. (Negative because
the degree of U~! restricted to the top boundary is —1 whereas the degree of ¥~! restricted
to the bottom boundary is 1.) This is because if we write =1 X,Y) = (z(X,Y),y(X,Y)),

then .
(\I’_l), _ rx Iy _ Xx Xy _ }/y —Xy
Yx Yy Y: Y, Y, X,
which implies that g—;ﬁ = _63_); < 0.

The periodicity (9.9) is an immediate consequence of ¥(z + 1,y) = U(x,y) + (1,0);
U({z+1} x [R7,R"]) = U({z} x [R",R"]) + (1,0).
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As for the second assertion in (9.9), recall that y(x, X) is increasing in X. Hence
Sex = —yx < 0.
U

A partial converse to Proposition 9.3 is true, namely if a function S satisfies (9.9), then
it generates a map ¥ which is area preserving. We don’t address the behavior of ¥ on the
boundary lines and for simplicity assume that S is defined on R2.

Proposition 9.4 Let S be a C? function satisfying (9.9). Then there exists a C'-function
U such that

(i) U(z+1y) =¥(z,y)+(1,0)
(i) W(z, —S,(, X)) = (X, Sx(z, X))
(i) det ¥’ = 1.
Proof. Since S,x < 0, the function X — —S,(z, X) is increasing. As a result, y =
—S(z, X) can be inverted to yield X = X (z,y). We then set
Y(z,y) = Sx(z, X(z,y)) and W(z,y) = (X(z,y),Y(z,y)).

Evidently (ii) is true and (i) follows from (ii) and (8.9) because S, (z +1, X +1) = Sy (v, X),
and Sx(z + 1,X + 1) = Sx(z,X). It remains to verify (iii). For this, set S(z,y) =
S(x, X (x,y)). We have

Differentiating again yields

Ty — -1+ Y;/X:Jc + YXzyy
Sy = Yo X, + Y X,

Since S € C?, we must have S’my = Sym which yields Y, X, — Y, X, = 1, as desired. O

We now show how the existence of a generating function can be used to prove the existence
of fixed points.

Proof of Theorem 9.1 for a monotone twist map Define L(z) = S(x,z). We first
argue that a critical point of L corresponds to a fixed point of ¥. Indeed, if L'(z°) = 0,
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then S, (2% 2°) + Sx (2% 2°) = 0. Since ¥(2° —S, (20, 2°%)) = (2°, Sx(2°,2°)), we deduce
that U(z° y°) = (2°,4°) for 3° = =S, (2% 2°) = Sx(2°,2°). On the other hand, by (9.9),
we have that L(z + 1) = L(x). Either L is identically constant which yields a continuum
of fixed points for ¥, or L is not constant. In the latter case, L has at least two distinct

critical points, namely a maximizer and minimizer. These yield two distinct critical points
of U. O

Before we discuss the proof of Theorem 9.1 for general twist maps, let us study an example
of a map which is not quite a twist map but still possesses a global generating function.

Example 9.1 (Billiard map in a convex domain). Let C' be a strictly bounded convex
domain in R? and denote its boundary by S. Without loss of generality, we assume that the
total length of S is 1. First we describe the billiard flow in C. This is the flow associated
with the Hamiltonian function H(g,p) = 3|p|* + V(q) where

0 ifgeC
Vig) = o
oo ifqgégC.

Here is the interpretation of the corresponding flow: A ball of velocity p starts from a
point ¢ € C' and is bounced off the boundary S by the law of reflection. This induces a
transformation for the hitting location and reflection angle. More precisely, if a trajectory
q + tp, t > 0 hits the boundary at a point v(z) and a post-reflection angle 6, then we write
~v(X) and © for the location and post-reflection angle of the next reflection. Here x is the
length of arc between a reference point A € S and ~y(x) on S in positive direction, and 6
measures the angle between the tangent at v(z) and the post-reflection velocity vector. We
write ¢ for the map (z,6) — (X,0) with 2, X € S' and 0,0 € [0, 7]. It is more convenient
to define y = —cos @ so that in the (z,y) coordinates, we have a map ¢ : S* x [-1,1] —
St x [-1,1]. As before, we write ¥ for its lift. We claim that ¥ is a monotone twist map
except that the twist conditions on the boundary lines y = +1 are violated. We show this
by applying Proposition 8.5. In fact the generating function is simply given by

S, X) = —|y(z) — v(X)],

because
S (s X)) (=) 2 = — cos
o X) =~ @) 1 ’
G5
S X) =~ Ry o) Y& = es©
Sxu(r, X) = sm@a—®



Note that if © € (0,7), then sin® > 0, and © is decreasing in x which means that Sy, <
0. Here of course we are using the strict convexity. As for the boundary lines, we have
U(x,—1) = (z,—1), ¥(z,1) = (z + 1,1). Note that S(z, X) is defined for (z, X) satisfying
X € [z,z + 1]. Also note that ¥ has no fixed point inside R x (—1,1). O

The generating function S can be used to study periodic orbits of monotone twist maps.
To explain this, let us observe that the twist condition means that if p™ and p~ denote the
rotation numbers of the top and bottom boundary circles of the cylinder, then p~ < 0 < p*.
By rotation number we mean

(9.10) ot = lim 22®)
n—oo n

In fact it is well-known that the limit in (9.10) exists because Ay is a lift of a circle homeo-
morphism, and that +p* > 0 because A, (r) > z. Now we can interpret Theorem 9.1 as
saying that since 0 € (p~, p*), the map ¥ has an orbit which projects onto an z-sequence
of 0 rotation number, namely a fixed point. The following theorem generalizes this property
to assert the existence of an orbit which projects onto an z-sequence of rotation number
p € (p~, pt) provided that p is rational. To this end, let us formulate a definition concerning
periodic orbits. We say that the point (x,y) is (r, s)-periodic point with r;s € N and 7, s
relatively prime, if (z,,,y,) = ¥"(z,y) satisfies ,,,s = ,, +7 for every n. This means that on
cylinder, the z-projection of the orbit (¢¥™(z,y) : n € Z) wraps r times around the cylinder
in s iterates.

T

Theorem 9.2 Let V be a twist map. If p € (p~,p") with p ==, r and s coprime, then ¥
has at least two (r, s)-periodic orbits.

We do not present a full proof of Theorem 9.2. We only indicate that its proof is very
similar to the proof of Theorem 9.1 and uses a variational principle. If ¥ is a monotone
twist map, then the variational principle is the discrete analog of the Lagrange variational
principle, as can be seen in the following proposition.

Proposition 9.5 Let U be a monotone twist map with generating function S. Then the
following statements are true.
(i) Given x and X € R, the sequence x1,xs,...,T,_1 1S a critical point of

—_

n—

L($1,$2,...,In_1) = S(ij,xj-i-l),

.
Il
=)

with o = x, and x, = X, if and only if there exist yo,y1,...,yn such that W (z;,y;) =
(xj-‘rlvyj-‘rl) fO’I”j = 1727 sy, L.
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(ii) The sequence xq,x1, T2, ..., Ts 1 is a critical point of

s—2

K(zy,29,...,05) = S(xs_1, 20 +7) + ZS(a:j,.fch)

J=0

if and only if there exist Yo, y1,Ya, - - -, Ys—1 such W (x;,y;) = (xj41,yj41) for j=0,...,s—1,
with s = xg + 7.

Proof We only prove (ii) because (i) can be proved by a verbatim argument. Let (zo, ..., s 1)
be a critical point and set x5 = zo+ r. We also set y; = —S;(x;,2;4+1). The result follows
because if Y; = Sx(x;,z;4+1), then

K:; =y — Y
for j=0,1,2,...,s — 1 and ¥(z;,y;) = (241, Y)). O

Example 9.2 (Billiard map revisited) Let ¥ be the Billiard map as in Example 8.6. We
certainly have p~ = 0 and p™ = 1. According to Theorem 8.7, ¥ has at least two periodic
orbits of type (7, s) whenever r and s are relatively prime and r < s. Recall that the function
K of Proposition 8.8 is defined for (zg,z1,...,2s_1) provided that x;.; € [z;,z; + 1] for
7 =0,1,...,5s — 1 with z, = x¢ + r. This however does not reflect the ordering of the
orbit. For our purposes we define K on a smaller set A which consists of (xg,z1,...,2s 1)
such that there exists zp < 23 < -+ < 2., With 2,13 = z;, + 1 for i = 0,1,...,(r — 1)s,
and z; = z;, for j =0,1,...,s. Note that once (xo,z1,...,25-1) € A is known, then all z;
can be determined. Of course x € A imposes various inequalities between xg, x1,..., T 1.
On the other hand, we can regard K as a function of zg, z1, ..., 2,,. Also there are only s
many independent variables among them, say zg, z1,...,2s.1. S0, we now have a function
K(zo, 21y 25-1) = K(xo,21,...,2,_1). The advantage of K to K is that it has a domain
which is much easier to describe, namely

~

A={(20,21,...,25-1) 120 <21 <+ <z < 2o+ 1
Since K(zg+1,...,25.1 +1) = K(xg,...,25_1), we learn that K(zo + 1, s +1) =
K(zo,...,%5-1). Introducing w; = z; — z;_1, we have that z = (z,...,2,_1) € A if and only
if (29, w1, ..., ws_1) belongs to the set of points with
nglaw%"'awsfla Wy + Wy + -+ W S L.
Writing K for K as a function of 20, W1, ..., Ws_1, then K is defined on

s—1
A= {(zo,wl,...,ws,l) 20 ER,wl,...,ws,l > O,ij < 1}
1
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Since K(zp + 1,wy,...,we1) = K(z0,w1,...,ws_1), K is a lift of a function & which is
defined on the set

s—1

)\251 X {(wl,...,ws,l):wl,...,ws,l EO,Zw] < 1} - Sl X [0,1]871.
1

Of course k has a maximizer and a minimizer. We now argue that a minimizer yields a
critical point which is in the interior of X. To see this, let us assume that to the contrary the
minimizer is a point on the boundary. To explain this in its simplest non-trivial case, let us
take a boundary point of the form

Zn—1 < Zp = Znt1 < Zp2.

Recall that ¥(x,y(z, X)) = (X, Y (2, X)) where y(z, X) = —5,(z, X) is increasing in X
and Y (z, X) = Sx(x, X) is decreasing in z. We now examine several cases:

(i) y(zm Zn—l—T) < Y<Zn—r= Zn)

In this case % = Sy (2n—r, 2n) + Sy(2n, 2n—r) > 0. Hence by decreasing z, a little bit, we

decrease K. This contradicts the fact that z is a minimizer.

(ii) Y(2nt1s Zngri1) > Y (Znri1s Zng1)
In this case a,?ﬁ - = Sy (#n—r+1, Zn41) + Sy(2n, 2n—r) < 0. Hence by increasing 2,41, the value
K decreases, contradicting the fact that Z = (zo, ..., 2,_1) is a minimizer.

(iii) If (i) and (ii) do not occur, then

Y (Zn—r, 2n) < Y(Zns Znsr) = Y(2ns1, Zngr)
S y(ZnJrh Zn+r+1) S Y(anrJrla anl)
= Y<Zn—r+17 Zn) < Y(zn—m Zn)-

Hence z,, 11 = Zpn_r, Znirs1 = Znar and

Y (2n—r, 2n)

Y (Zn—rt1s Zns1)

(Zna Zn-l-?")a

=Y
= Z/(anlj Zn+r+1)

which means that (z,,_, 2n, 2n11) is the z-coordinate of an orbit. This is what we wanted.
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In fact the other critical point is a saddle point in A. To see this, let us examine the
problem when s = 2 and r = 1 which corresponds to a periodic orbit of period 2. In this
case, we simply have

K(ZEhJZQ) = S(ZL’I,CL’Q) + S(IL‘Q,[El + ]_) = QS(ZL‘l,ZEQ)
which is defined on the set
A={(x1,22) 1 11 <29 <21+ 1}

Note that K (z1,79) = 0 if (1, 72) € OA and we always have K (z1,x5) < 0 if (21, 25) € A°.
Writing K in terms of 21 and wy = 25— yields K(zl, wy) = 25(x1, x1+wy) which is defined
for (z1,ws) € R x [0,1]. Since K is periodic in z, K is the lift of k : S x [0,1] = R and
evidently its minimum is attained in the interior of S* x [0,1]. Note that — min k is simply
the diameter of the convex set C. We now assert that & has a saddle critical point which
corresponds to the width of C. To see this, for any z; € S, we can find n(z;) = zo € S?
such that the tangents at z; and zo = n(z;) are parallel. Now —max,, S(z1,n(z1)) =
—S(x7,n(x7)) yields the width of C. We assert that (x7, z5) = (27, n(z7)) is the other critical
point of K. Indeed, since © = 71 — 6, we have

Sa(z1,m(x1)) = Sx(z1,m(z1))

for all 1. On the other hand, at a maximizer x} of S(z1,n(x1)), we must have

0 = Sy(ai, n(a7)) + Sx (27, n(21))n («7)
= Se(al, 23) (1417 (27)).

It is not hard to show that in fact n'(z}) > 0. Hence we must have S, = Sx = 0 at (x}, x3).
U

So far we have seen that for p € (p~,p") N Q we can find at least two periodic orbit
of rotation number p. The variational principle can be used to find orbits corresponding to
irrational p € (p~, pT). This is the subject of Mather Theory. For any irrational p € (p~, p™),
there exists an invariant set on the cylinder which projects onto either a Cantor-like subset
of St or the whole S!. The invariant set lies on a graph of a Lipschitz function defined on
S1. These invariant sets are known as Aubry-Mather sets and correspond to the irrational
rotations of Exercise 9.1(i).

We now turn to Theorem 9.2. So far we have a proof in the case of a monotone twist
map. Following an idea of Chaperon, we try to express a twist map as a composition of
monotone twist maps. To this end, let us define some function spaces.
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(i) T denotes a space of homeomorphism 1 from cylinder C' = S* x [0, 1] onto itself which
is an orientation and area preserving diffeomorphism in the interior of C' and preserves
the boundary circles S x {0} and S* x {1}. The rotation numbers of 1 restricted to
St x {0} and S* x {1} are denoted by p_(v) and p, (1)) respectively.

(ii) 7* denotes the space of ¢ € T such that p~(¢)) # pT(¥)). Tt denotes the space of
€T with p~(¢) < pt(¢). T~ denotes the space of ¢ € T with pT(¢) < pt(¢). M*

denotes the space of monotone twist maps.

We equip the space of T with the topology of C'-convergence in the interior of C' and
uniform-convergence up to the boundary. Evidently 7 is a topological group with mul-
tiplication given by composition. As an example, note that the shear map £ with lift
(z,y) = (z + y,y) belongs to T+ whereas ! = X belongs to 7. We have the follow-
ing straightforward lemma.

Lemma 9.1 FEvery element ¢ in the connected component of identity in T can be written
as

(9.11) ¥ =Xotwyororyo---oAod,

with whw% T 72/)11 € M+-

Proof Evidently there exists an open set U in T such that £ € U € M™. As a result,
id € ¢1U = AU =: V is an open neighborhood of identity and each 1) € V can be written as
1 = Aohy with ¢y, € M™T. We now write € for the set of 1) in T for which the decomposition
(9.11) exists with 11,49, ... 19, € V. Clearly Q is open because V' is open. If we can show
that V' is also closed, then we deduce that €2 is the connected component of id in 7. To
see the closedness of Q, let {¢,,} be a convergent sequence in €. If lim,, o ©m = ¢, then
lim,, 00 po @} = id and, as a result, o, € V, for large m. Hence there exists 1) € MT,

such that ¢ o -1 = X o) for a sufficiently large m. That is, ¢ = Ao 0 ¢,,. Since ¢,, € Q,
we deduce that ¢ € €2, completing the proof of closedness of €. O

Proof of Theorem 9.2 Let ¥ be a twist map. On account of Lemma 9.1, there exist
monotone twist maps Wi, ¥y, ..., ¥, such that

UV=AoWV,0AoW¥y0---0A0V,.
Each U, has a generating function S;(x, X) with S; : I'; = R with
Ly ={(z,X): AL(x) < X < A, (2)}.
Note that the generating function for A is T'(z, X) = —1(X — x)? which is defined on the set
{(z,X) 2 —1< X <z}
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We now define

n— n—2

1
1 2
L(zo, 1, ..., Top1) = — Z 5(371] — Tijy1)” + Z Si(x2541, Taj42) + Sn(T2n—1, To)
7=0 7=0
on the set I' which consists of points xg, z1, ..., 22, 1 such that for j =0,1,...,n —2

—1 < @5 — @aj1 <0, A (w9541) < wajp0 < A% (2541)

with zy; = zp. Now as in Proposition 8.8, we can show that if xg,z1,...,29,_1 is a critical
point of L, then

A(I2j,y2j) = (x2j+1792j+1)7 ‘I’j(x2j+1;y2j+1) = (x2j+2,y2j+2)

for j =0,1,...,n — 1, where yaj 41 = Tx (725, ¥2j41) = 25 — Toj41, Yojr2 = Sx(Tojr1, Toj=2),
To; = xo and ya; = yo. Of course, in particular (zo,yo) is a fixed point of W. O

So far we have used generating functions to study various properties of twist maps on
cylinders. We now discuss possible generalizations of such global properties for other mani-
folds. As a start, let us take a symplectic 1 : T?® — T?" and wonder how many fixed points
it can have. Evidently a rotation or translation on T? is a symplectic diffeomorphism with
no fixed point. The question is what plays the role of the twist condition to guarantee the
existence of fixed points.

We first examine the issue of generating function. In section 8, we showed that a gen-
erating function S(q, @) always exists locally provided that %(qo, p°) is non-singular. Note
that this condition fails for the identity. We now discuss another type of generating func-
tion that exists trivially for identity. Again for ¥ : R** — R?" with ¥(q,p) = (Q, P) and
P-dQ —p-dq=dS, we write

P-dQ+q-dp=d(p-q)+dS =:dS,

which suggests a generating function S (Q,p). The following proposition can be proved as
Proposition 9.1.

Proposition 9.6 Let V(q,p) = (Q, P) be a symplectic diffeomorphism with

(9.12) det %( 0 p%) # 0.

Then, there exist a neighborhood V of Q° = Q(¢° p°) and p°, and a C*-function S : V — R
such that
oS P oS
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We note that identity transformation has such a generating function with S (Q,p) =Q-p.
More generally, we may write S(Q,p) = Q - p — V(Q, p) with V now satisfying

(9.14) P—p=-Vo, Q@—q=1V,,

which can be thought of as a discrete analog of a Hamiltonian where V' (Q, p) plays the role
of the Hamiltonian.

Using the generating function V, it is not hard to come up with a compelling conjecture
regarding the fixed points of a symplectic ¥ : T?® — T?". Let us write ¥ : R?® — R?" for
the lift of ¢. If we assume that ¥ has a globally defined generating function V', then a point
(q,p) is a fixed point of W if and only if the corresponding (Q), p) is a critical point of V. This
should be compared to our proof of Poincaré-Birkhoff Theorem in the case of a monotone
twist map. To have an analogous result, we need to say something about the critical points
of a C'-function of T?". In this connection we have the following:

Theorem 9.3 (Ljusternik—Schnirelman) Let M be a compact manifold. Then any C'-
function V : M — R has at least Z(M) many critical points where Z(M) denotes the cup
length of M.

Here is the definition of cup length: Z(M) is the smallest number [ such that there exist
open simply connected sets Uy, ..., U; such that M = U; U---UU,. Alternatively, for closed
forms ay, ag, ..., a;, we have that a; Aag A -+ - A is exact. Here each «; is a kj-form with
ki >1forj=1,...,1L

Example 9.3 Z(T*) = k + 1.
From Theorem 9.3 and Proposition 9.6 we deduce

Proposition 9.7 Let 1) : T?" — T?" be a symplectic diffeomorphism which is a small per-
turbation of identity. Then 1 has at least 2n + 1 many fized points.

We are now in a position to formulate a similar result for more general symplectic dif-
feomorphism. With our experience from the previous section we search for a condition on
1 that guarantees to a representation ¢ = 11 0 1)y o - -- 0 1)y where each v; is a small per-
turbation of identity. To this end, let us assume that W = ¢y, where ¢4 is the flow of a
Hamiltonian ODE

&= H(x,t)

where H is 1-periodic in z and ¢, that is
H(zx+mn,t) = H(z,t+1)= H(x,t)
for every n € Z??. Such a function V¥ is called a Hamiltonian symplectomorphism. Evidently

U is a lift of a symplectomorphism on the torus T?".
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Theorem 9.4 (Conley-Zehnder) Any symplectomorphism ¢ : T>* — T?" has at least 2n+ 1
many fized points.

Note that 1 = ¢91 = qﬁo,% o gzﬁ%’% 0---0 qS%’l and if NV is sufficiently large, then each
Vj = @iz

i—1 ; has a generating function V;.
N 'N

Exercise 9.1(i) Consider the Billiard map in a circle. Determine the generating function.
Find periodic orbits and describe the remaining orbits.

(ii) Consider the Billiard map in an ellipse. Show that the 2-periodic orbits correspond to
the reflection along the axes of symmetry. Show that the 2-periodic orbit associated with
the shorter axis of symmetry is a saddle point of the generating function. Hint: (x7, z5)
maximizers of S(z1,n(x1)) but is a local minimum for S(z7, z2). O
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10 Pseudo-Holomorphic Curves and Gromov Width

In Chapters 5-8, we use the invariance (3.2) of the action A(7y) to construct various symplectic
capacities. For our constructions, we use the periodic orbits of the Hamiltonian systems in an
essential role. In this chapter, we focus on the invariance if fr w to analyze symplectic maps.
Our main tool will be the pseudo-holomorphic curves of Gromov. We give two motivations
for the relevance of such complex curves (or rather real surfaces):

1. Observe that if I' = w(D) is a 2-dimensional surface with the parametrization w : D —
R?" for a planar domain D, then

/(D = / w(ws, wy) dsdt :/ Jwg - wy dsdt.
r D D

This integral is simply —area(I') when n = 1. For n > 1, the integral [, w is not of a definite
sign and does not represent any kind of size of the surface I'. However, if w satisfies

(10.1) ws = Juy,

then wy - w, = 0, and
(10.2) /(—w) = / |w,|? dsdt = / (Jwsl*wi]? = (w, - we)?) " dsdt = area(T).
I D D

This means that for such surfaces, — [, @ is indeed the area of I'. If we write w = (u, v) with
u and v representing the position and momentum, then (10.1) reads as

Us = Vg, Vs = —Uy,

which are nothing other than Cauchy-Riemann equations. When (10.1) is satisfied, we say
that w is a holomorphic curve. Holomorphic curves are not preserved under a symplectic
change of coordinates. However, if ¢ o w = w, then

where )

J= ()Y,
is an example of an almost complex structure and w is called a J-holomorphic curve. Observe
that if we set g(a,b) = a - b, and define a metric g = ¢*g, then

(10.4) w(a,b) = (¢ (z)a, ¢'(2)b) = §(J¢' (x)a, ¢ (2)b) = (£"9)a(J (2)a, b).

We can now repeat our calculation in (10.2) to assert that if I' = @(D), then
[(=6) = area,(0),
r
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where area, denotes the area with respect to the metric g.

2. Recall that if H(z,t) is a time dependent Hamiltonian function, then the critical points
of the functional

Aw) = [ i o]

corresponds to the 1-periodic orbits of & = JVH(x,t). For example if H : T?* x R — R is
l-periodic in ¢, and if we regard A : C'(S',R*") — R, then the gradient of A with respect
to the L%-inner product is given by

0A(x(-)) = —Ji(:) = VH(x(),1).

Observe that the gradient with respect to H!'/?-inner product, namely VA is related to 9.4
by the formula VA = Z0A. In fact the critical points of A corresponds to the fixed points
of the map ¢ = ¢ and following an idea of Floer, we may study such critical points by
developing a Morse-type theory of A. Morse theory may be developed by studying the
gradient flow

dw

(10.5) o= —0A(w).

Regarding w : R x ST — R?" as a function of two variables s and ¢, (10.5) reads as
(10.6) ws = Jw; + VH(w, ).
This is very different from the corresponding

(10.7) Ccil_l;} = —VAw) =—-Z0A(w);
the right-hand side of (10.7) is an intergro-differential equation and is well-defined as an
ODE, whereas the equation (10.6) is an elliptic PDE and not well-posed as an initial-value
problem. Evidently, (10.6) is the same as (10.1) when H = 0. The elliptic PDE (10.1) is
well-posed for a prescribed w(9D). O
Motivated by (10.4), let us give a general definition for almost complex structures. Let
M be a C' manifold. By an almost complez structure on M, we mean a continuous z — J,,
with J, : T,M — T, M linear function satisfying J?> = —id. The pair (M, J) is called an
almost complex manifold. 1f (M,w) is symplectic, then we say (J, g) and w are compatible if

(10.8) gz(a,b) = w,(a, J.b), a,b € T,M

is a Riemannian metric on M. We write Z(M,w) for the compatible pairs (g, J). We also
set

GM,w)={g: (9,J) € I(M,w)}, JT(M,w)={J: (9,J) € I(M,w)}.
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Proposition 10.1 (i) Let (M,w) be symplectic with a Riemannian metric g. Then Z(M,w)
18 nonempty.

(ii) If g € G(M,w) and dim M = 2n, then p := (n!)~'w™ is the Riemannian volume form
associated with the Riemannian metric g.

Proof Fix x. Both a — w,(a,-) and a — §.(a,-) are linear isomorphisms between 7, M
and (T, M)*. Hence there exists a linear invertible A, : T,M — T, M such that w,(a,b) =
Gz(Aza,b). Note that A, is skew symmetric because

G(A%a,b) = g(a, Ab) = g(Ab,a) = w(b,a) = —w(a,b) = —j(Aa,b).

In fact a candidate for J is simply the orthogonal matrix that appears in the polar de-
composition of A. More precisely, if we use the unique representation A, = S,.J,, with
S, = (A ALV = (=A2)1/2 and J, orthogonal with respect to g, then J € J(M,w).
To verify this, we build this polar decomposition directly. The idea is that since A is real
and skew-symmetric, its eigenvalues appear as i\ with A real. Hence the eigenvalues of
—A® = 2 are positive and of even multiplicities. In fact, the matrix B = A? is negative
definite, and if v is an eigenvector of B associated with the eigenvalue —\? for some positive
A, then w = A1 Av is another eigenvector for B that is orthogonal to v:

g(v,w) = A"g(v, Av) = A w(v,v) =0,  Bw = \"T'ABv = AMv = \w.
We now describe S and J on {v,w}, and hence on the span of {v, w}:

Av = \w, Sv = v, Jv =w,
Aw = - v, Sw=>w, Jw=—v.

More generally, we can find an orthonormal basis {v1, ..., v, } and positive numbers Ay, ..., Ay,
such that Bv; = —\?v; for each i. We can readily show that {w; = \; ' Av; 1@ =1,...,2n} is
also an orthonormal set and that Aw; = —\v;, Bw; = A?w;. But since A is skew symmetric,
w; and v; are orthogonal eigenvectors of B associated with the same eigenvalue —\?. We
relabel our eigenvalues and eigenvectors so that Avy; = A\wvo;_1 and Avg;_1 = —A\vg; for
i =1,...n. We then define S and J by Svy; = A\jvg;, Svoi_1 = A\voi_1, Juy; = v9;_1 and
Jug;_1 = —vy;. It is straightforward to check that A = SJ, J?> = —id and J* = —J. We
also have
g(a,b) == w(a, Jb) = g(Aa, Jb) = g(Sa,b).

We are done because S > 0.

(ii) First we claim that there exists a local orthonormal frame for (M, g) of the form E,, =
{e1,Jeq, ..., en, Je,}. This frame is construction inductively; if we already have 2k many
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vector fields Ej, = {eq, Jeq, ..., e,, Jep} with g(e;, e;) = 6;5, g(ei, Jej) =0 for 4,5 =1,.. .k,
then locally we can find a new vector field eg,; which is orthogonal to vectors in Ej and
G(exy1,exs1) = 1. We then use (3.14) and J? = —id to deduce that Jey,; is also orthogonal
to Ey and ey and that §(Jegsq1, Jegr1) = 1.

From w(e;, e;) = w(Je;, Je;) = 0 and w(e;, Je;) = d;;, we can readily deduce

w(ey, Jer, ... en, Je,) = nl,
and this implies that p is the Riemannian volume. U

In the prominent work [G], Gromov uses the J-Holomorphic curves to establish his non-
squeezing result, namely Theorem 6.2(i). The main ingredient for his proof is an existence
result:

Theorem 10.1 (Gromov) For every J € J(R*,®) and every 2° € Z**(1), there exists a
J-holomorphic W : D — Z*"(1) such that ° € (D), w(dD) C 9Z**(1), and

(10.9) / (D)(—@) _—

Let us first see how Theorem 10.1 implies the non-squeezing property of symplectomorphisms.

Proof of Theorem 6.2(i) Let ¢ : R?" — R?" be a symplectomorphism such that ¢(Bg) C
Z?"(1), where Bp = {x : |z] < R}. Let J be as in (10.3). By Theorem 10.1, we can find
w : D — Z?"(1) such that ¢(0) € @w(D), and (10.9) is true. Let w = ¢~ o1, so that w solves
(10.1), 0 € w(D), and

Area(u(D)) = [ L= / L=

by (10.9). On the other-hand by a classical theorem of Lelong, we must have
7 = Area(w(D)) > Area(Br) = nR>.
Thus, R < 1. [l

Before embarking on the proof of Theorem 10.1, let us develop some feel for the equation
(10.3). To ease the notation, let us write w for @w. Also, to avoid the occurring minus sign,
we take J € J(R*", —®), so that instead of (10.3), we now have

(10.10) wy = J(w)ws.
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Note that now J as in (10.3) satisfies
(10.11) J = () hiy,

where i = —J is simply the multiplication by 4, when we use the identification R?" = C".
We now give two interpretations for the equation (10.10).

1. In our first interpretation, we compare (10.10) with its equivalent formulation that we
obtain by multiplying both sides of (10.1) by J(w):

(10.12) wy = J(w)ws —ws = J(w)w;.
Regarding dw : TD — TR** i : TD — D, and J : TR?*" — TR*" we may rewrite (10.12) as
(10.13) dwoi=J o dw;

if we evaluate both sides of (10.13) at the vector fields 2 and 2

ot’

of (10.12), because t
(2 -2 (2\__9
"\os) "o "\or) Tos

The reader may compare (10.13) with (10.11) that may be written as

we obtain the equations

(10.14) todp =dpoJ.
The advantage of the formulation (10.13) is that it has an obvious formulation to arbitrary
manifolds.

Definition 10.1 Let M be a manifold and J : TM — T M be an almost complex structure
ie. J? = —id.

(i) We say that w : D — M is a J-holomorphic curve if (10.3) is valid. We also define the
operator

. 1
(10.15) aJw=§(dw+Jodwo¢),

so that the equation (10.13) may be written as 0w = 0.

(ii) We say that J is a complex structure if for every x € M, we can find U C C" and a
diffeomorphism ¢ : U — M such that z € ¢(U), and (10.14) is valid. O

2. Let us use complex-variable notation to write z = s + it and z = s — it. We also use the
notations

dz = ds + idt, dz = ds — idt,

0 1 /0 0 0 1/0 .0
—=—=—-i=), —==(=+i=).
0z 2\ 0s ot 0z 2\ 0s ot
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By definition,
wy = i(w, —w;z), ws=(w,+ ws).

Hence, if i + J is invertible, the (10.10) may be written as
(10.16) wz; = K(w)w,.

where

K(w) = (i + J(w)) (i — J(w)).

Proposition 10.2 If J € J(R?*, —&), then i + J is invertible and | K|| < 1.

Proof First observe that since J € J(R*", —©), we know
(10.17) a#0 = (ia)- (Ja) = (—w)(a, Ja) > 0.

To show that ¢ + J is invertible, note that if to the contrary we can find a # 0, such that
(1 + J)a =0, then
(ia) - (Ja) = —lia|* < 0,
which contradicts (10.17).
To show that || K| < 1, it suffices to check that |b| < |a| whenever K(a) = b and a # 0.

We have
Kwja=b < (i—J)(a)=(+J)b) & b—a=iJ(b+a).

Clearly, if a +b =0, then a = b = 0. Now if a,a + b # 0, then by (10.17),
B> = |a]* = (b—a)- (b+a) = (iJ)(b+a) (b+a)=—[J(b+a) i(b+a)] <O,
as desired. O

Remark 10.1 The equation (10.13), is equivalent to the classical Beltrami Equation when
n = 1. This equation is related to the theory of quasi-conformal maps and a generalization
of the Riemann mapping theorem. To explain this, first observe that (10.13) and (10.14) are
equivalent in the case of n = 1 by setting ¢ = w™!. As we showed in Example 2.2, the set
Z(R? —@) consists of pairs (g, J), with g(a,b) = Ga - b, such that

(10.18) G = [g ﬂ L J= {—aﬁ —671 ’

with a, v > 0 and ay — 82 = 1. Now let us write ¢(z) = u+iv with z = s +it, and evaluate
both sides of (10.14) at the vector fields 2 and £, with J as in (10.18). We obtain
ips = —fps +apr,  ipr = —ps + P
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This is equivalent to ¢; = jp, for j = (8 +1)/a = /(8 — i). Equivalently,

i—J
i+7

(10.19) Pz = w(2)p., with p=

This equation is known as the Beltrami Equation, and resembles (10.16) because

B+ (a—1)i
=1 ey i| <1

Y

by our assumption a > 0. We refer to Appendix D for more information about the Beltami
Equation.
As for the equation (10.16) in dimension 2, observe that when n = 1,

el

a+1 6] l—a —pf
=(a+v+2)7" {_aﬁ_ ] 7_+61} L f N 7__51}
S |

From this, we deduce that in fact the equation (10.16) can be written as
(10.20) wz = m(w)w,,

where m = (y —a — 261) /(o + v+ 2). We note

mf? = (a+79)?2—-4 a+y—2

_ — =1-4 2)7 < 1.
(a+~v+2)? a+v+2 (a+y+2)

O

As we discussed in Remark 10.1, the equation (10.16) is a multi-dimensional general-

ization of the classical Beltrami-equation. Ignoring the boundary condition requirements

of Theorem 10.2 we can use the classical transforms of Cauchy and Beurling to construct
solutions of equation (10.16). We define

(10.21) Ch)(z) = -+ / MO gsar, B () = 2PV / MO ysar,

T Jp(C—2 ™ p (¢ —2)?
where PV stands for the principle value (see Appendix D). The main property of the Cauchy
Transform C is that C(h); = h and that its z derivative is the Buerling transform; C(h), =
B(h). Moreover, by Caldron-Zygmund Theory, the operator B is bounded on LP for every
p € (1,00). In fact B is an isometry on L? and its norm C(p) on the LP converges to 1 as
p — 2. We refer to Theorem D.1 of Appendix D for more details.
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Theorem 10.2 Assume that ||K||p~ = co < 1. Let ¢1,...,q, : D — C be n holomorphic
functions. Then there exists p = p(cy) > 2 and a function w = (Uy,...,U,) € WP,
U;: D — C, of the form

U, = C(Ul) + 4, U; € LP(D),

that solves the equation (10.16) weakly.

Proof We use column vectors to write

Using the definition of C and B, we can write (10.17) as

~

(10.22) ws: =u = K(w)B(u) + ¢(w).

We wish to invert the operator I — K (w)l’S’ for a given vector w. Since B is an isometry on
L?, the operator of B is also an isometry. Using Theorem D.1 of the Appendix, we can show
that for every p € (1,00), there exists a constant ¢(p) such that limc¢(p) =1 as p — 2, and

1Bl < e()lfull -

From this we learn

[A(w)B(w)|[» < c(p)eollull -
Choose p > 2 such that ¢(p)cy < 1. For such p,

H([ - A(w)l’;’)_lh < (1- c(p)co)_thHLp_

Lp

This in turn implies that if
=1,
D(w) = (I - A(w)B)  (§(w)),

then 1
[D(w)|r < co(1—c(p)eo) Ndllr == cr(p).

By applying Theorem D.1 of Appendix
IC o D(w)lwrr < e,
for some constant ca = co(p). Then rewrite (10.16) as

(10.23) w = (CoD)(w)+q:=Ew).
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Hence w is a fixed point of the operator £. Set
I'p={w: |w|~ < L}.

We wish to show that £ : I';, — ', and it has a fixed point. As a preparation, we first bound
the nonlinear D. Since p > 2, we may apply Morrey Inequality to deduce

(10.24) IC o D(w)llcr-210 < c2(p)[IC o D(w)[[wrr < C(p)er(p) = es(p),

where C'* denotes the space of a-Holder continuous functions. In particular
IC o D(w)|[ze < e3(p).

Setting L = c3(p) + ||¢||z=, we deduce that E(LP) C T'y. In particular, £ maps I'; into
itself. On the other hand, the bound (D.12) implies that the image of I';, under & is in fact
relatively compact. This allows us to use the Schauder Fized Point Theorem to deduce that
& has a fixed point. 0

In this chapter, we will describe two approaches for establishing Theorem 10.1. In our
first approach, we will follow a work of Sukhov and Tumanov [ST] that treats (10.16) as a
generalization of the Beltrami equation and use Cauchy and Beurling transforms to construct
solutions. (We refer to Appendix D for a thorough discussion of these transforms and their
use in solving Beltrami-type equations.) The main ingredient of the proof of Theorem 10.16
a la [SK] is a variant of the Cauchy operator that is designed to solve the d-bar problem
with a boundary condition. More precisely, given a holomorphic function @) : D — C that is
nonzero inside I, we define

oy — Q) f(©) O -
w9 [ [k I

We note

(10.26) Ce(f) = QC(f/Q) +n%,

for a function h® that is holomorphic inside D). The type of @ we have in mind are

l

(10.27) Q(z) = ao [ [ (= = ay)™,

J=1

with aq, ..., a; € 0D distinct and a, . .., oy € (0, 1]. We can take a branch of the holomorphic
() that is defined on

Qo =C\Uy,«1{ra; : r>0}.
The following theorem of Monakhov guarantees that the operator C< and B9(f) = (C9(f))
satisfy many properties of the Cauchy and Beurling Transforms.

z
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Theorem 10.3 Let Q be as in (10.26). For every p € (p1,pa) with

pr=max(l—a;/2)7",  py=2max(l —a;)",
j J

the operators C? : LP(D) — WP(D), and B : LP(D) — LP(D), are bounded.

In view of (10.26) and Theorem 10.2, we have
Con): =h,  C%n). = B(h),

weakly. We note that when when z € D, then we can write

CIElY BVE (G RN (SR .Y
Vz L QO —2)  Q)(¢—1)| 2m
What we learn from this is that C?(f)(z) is a real multiple of Q(z)/+/z whenever |z| = 1.

Hence the boundary behavior of C?(f) is tied to that of Q(z)/+/2. It is this property of C?
that we use later on in the proof of Theorem 10.1.

(10.28) CoUf)(z) =

Proof of Theorem 10.1 Step 1. Without loss of generality, we may assume that n = 2.
Also, the surface w we wish to construct may embed into a set that is sympletomorphic to
Z*(R) for some R. For our purposes, we choose T' x C with T' C C a triangle with vertices
+1 and i. We wish to find a transformation w = (U, V) : D — C? that solves (10.16) and
satisfies the following properties:

(i) U:D — T, with U(OD) =0T, and V : D — C,
(i) (u*,0°) € w(D),
(ili) 2area(w(D)) =i [ dUAdU +dV AdV = 2.

Note that we switched from (10.9) to (iii) because area(T") = 1. Pick a € D. We search for
solutions of the form

U=C'(u)+q, V=C*v)—C*v)(a)+",

for u,v : D — C in L?, and a holomorphic function g. The operators C' and C? are defined
as C'(f) = C9'(f), where

QY (2) =¥z = D+ DV =)V Q¥ 2)=2-1.
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A Vector Fields and Differential Forms

Lemma A.1 (De Rham) Let M be a compact connected orientable k-dimensional manifold
and let o be a k-form with fMa = 0. Then « is exact.

Proof Let {Uy,...,U,} be a finite cover of M with each U; diffeomorphic to a simply
connected subset of R*. To ease the notation, we assume that r = 2. Choose ¢; and ¢, with
V1o =1, 01,09 >0, @1, 09 € Ct and supp ¢; C U; for i = 1,2. We can readily construct

a k-form S such that supp g C U;NU; and fM B = 1. Define v = p1a— ¢ with ¢ = fM pra.
Then supp v C U; and fUl v = 0. By Poincaré’s lemma, there exists a form 4 such that
dy = 7. Similarly, if 7 = o + ¢f, then supp 7 C Us and [, 7 = [,,(1 —p1)a +cf =
f 1 @ = 0. Hence, we can apply Poincaré’s lemma to find 7 with d7 = 7. We now have

Ay +7) =1 —cf + g+ cf = a.

O

Lemma A.2 Let X be a C' vector field of X and write ¢X for its flow. If o : N — M is a
diffeomorphism, then 1y = ¢~1 0 ¢ o ¢, is the flow of the vector field ¢*X = (dp)™*X o .

Proof We have

dipy _ _
d—q/;(x) = (A7) yx ooy (X 007 09) (2) = (d0™1) () (X 000 05) (@)

= (d(p);t)l{(z)(X © 90) (th@U)) ,

which means )
dp) ' Xo
e =0

O
The vector field ¢* X is called the pull-back of X. Also, if Y is a vector field on N, we
define its @-push-forward by

(Y )(y) = (do) 1Y (7 (1))

We define the Lie derivative of a vector field Y with respect to another vector field X by
i - X\ *
(A1) (X Y] =LxY :=lmt™ ((¢")"Y —Y).

Using
(¢) (65)7Y = (¢,) 7Y
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we can readily show
d * * *
(A2 L)Y = £x (6)Y = (6F) LaY
In particular Z(z,t) = (qﬁf)*Y satisfies
Zy=1X,Z] = LxZ.
Lemma A.3 For every 1-form «a and vector fields X and Y, we have

(A.3) da(X,Y) = Lx(aY)) — Ly (a(X)) + a([X,Y]).

Proof To ease the notation, we write ¢; for ¢;X. By definition
(¢0) (1Y) = a(Y) o 6.
We now differentiate both sides with respect to ¢ and set ¢ = 0. We obtain
(Lxa) (V) +a([X,Y]) = Lx(aY)).
By Cartan’s formula, the left hand side equals
(ixda) (Y) +d(a(X)) (V) +a([X,Y]) = da(X,Y) + Ly (a(X)) + a([X.Y]).

which implies (A.3). O

Given a sub-bundle £ of TM of dimension m, we may wonder whether or not there exists
a foliation of M that consists of submanifolds N such that for each x € N, we have T, N = &,.
If such a foliation exists locally, we say that £ is integrable. According to Frobenius Theorem
the sub-bundle ¢ is integrable iff for every vector fields X, Y € &, we have [X,Y] € .

We are particularly interested in the case of £, = ker o, for a 1-form «. For example, if
M = R* and o = u-dx, then &, = u' consists of vectors that are perpendicular to u. If k = 3,
D = By(0) is the unit disk, and w : D — M parametrizes a surface with T,w(D) = u*, then
by Stokes’ theorem,

0 :/ o :/ do = /(da)w(slvsz) (wg, (81, 82), Ws, (81, $2)) ds1dsy
w(7) w(T) r
= / [(ws, X wgy) - (V X u)(w)] dsidss.
r
for every open subset I' C D with OI' = v. By varying I and using the assumption that u
is parallel to wg, X ws,, we learn that (V x u) - u = 0. More generally we have the following

consequence of Lemma 10.3.
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Lemma A.4 Let a be a non-degenerate 1-form on M and set & = kera. The following
statements are equivalents:

(i) The sub-bundle & is integrable.

(ii) For every vector fields X,Y € £, we have da(X,Y) = 0.
(iii) a A da = 0.
Proof The equivalence of (i) and (ii) is an immediate consequence of (A.3). We now show
that (ii) implies (iii). Assume (ii). Take any vector fields X, Y in £ and any vector field R

such that «(R) = 1. Define w(v) = v — a(v) R so that 7, is the R(z)-projection onto £,. We
have

(o A da)(vy,v9,v3) = afvy)da

which means that a A da = 0.
Conversely, if (iii) is true and X, Y are any two vector fields in &, then

0=(aANda)(R,X,Y)=a(R)da(X,Y) — a(X)da(R,Y) + a(Y)da(R, X) = da(X,Y),

as desired. O

B Sobolev Inequality

It is well-known that 7/? is a subset of the space of functions of bounded mean oscillation
(BMO). In particular H'/? C LP for all p > 2. We will prove this for p < 3.

Lemma B.1 For every p € [2,3), there exists a constant ¢y = co(p) such that

eor i) < allel.
([ o a)

Proof We identify R*" with C" and write —i for J. Hence z(t) = 3., ¢*™2; can be
rewritten as Y, e 2™z, with ), € C". Since it suffices to establish the inequality for each
component, we may assume without loss of generality that n = 1.
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We now find an expression of |z|| that involves the function z(-) directly and does not
involve its Fourier coefficients. We claim

o |z (e 7’9 )| 2 2
(B.1) ew—ew|2 dfdy = 4m Zk:|k||xk| .

This follows from a direct calculation; the left-hand side equals

2m 2 ) ] ) )
/ / |610 _ 6“‘0‘72 Z Jlkeilke . Z wkeflklp
2 2m -» 2

= ‘1 — W’ 2 xk —ikT eﬂk

[ >
21
_ zﬂ/ 1= 672 37 g 21 — e 2dr = 2m)2 (K[l
0 k k

2
dfdy

d@dr

because

2m —ikT|2 27

1-— . 4

/ udT — / (efz(kfl)‘r N 1)(67,(]{?71)7' 4t 1)d7’ — 9
0 |1 _ 6“—‘2 0

Let us write A(z) for the left-hand side of (??). To simplify the notation write y(0) =
z(e). We have that for constants ¢; and ¢y,

21 27
(B.2) / / P10 — | < 17 )dbdp < erl 2A(x) = ool 2|2

Given [ > 1, define 2!(t) = lfo z(t + ) da. By (B.2),
1 1 ! 2
Q/|Mﬂ—z%ﬂ%#:/ml/‘(ﬂﬂ—x@+a»da dt
0 0

<z// (t) — z(t + )|? dtda

< col™ 1||x||2

From this we deduce that for every [ > 1,
z =2+

with
w3 < el 7Ma||?, |2 e < U],
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because )
)l <1 / j2(t)] dt < Il|z]o.
0

Hence we apply Chebyshev’s inequality to assert

I
2l =2

{t : |=(t)] > 21|z} < [{t: [ @)] > ]|} <
whenever [ > 1. On the other hand

1 00
/ ()P dt < 1+/ PP {z > 1}|di
0 0

< 1+03H3(:H3/ P73l
1
=1+ c(p)|z]’?
with ¢4(p) < oo whenever p < 3. Finally, we replace x with Az, A > 0 to deduce

)1, < AP+ ea(p) A7l

Minimizing the right-hand side over A > 0 yields the desired inequality. OJ

C Degree Theory

We first review the classical Brouwer degree theory. Consider triplets (f,U,y) with U C R¢
open and bounded, f : U — R? continuous and y ¢ f(0U). We now would like to assign
an integer deg(f,U,y) to (f,U,y) that, in some sense, counts the solutions to the equation
f(z) =y, x € U, with a sign. This degree satisfies the following properties:

(i) fV CUand f~'({y}) €V, then deg(f,V,y) = deg(f,U,y).

(ii) For a constant a, deg(f + a, U,y + a) = deg(f, U, y).

(iii) HUNV =0 and y ¢ f(OU)U f(OV), then deg(f, UUV,y) = deg(f,U,y)+deg(f,V,y).
) If f:U x [0,1] — R? is continuous with y ¢ f(0U,t) for every t € [0, 1], then

deg(f('? 1)7 U, y) = deg(f('> 0)7 U, y)'

(iv

(v) If deg(f,U,y) # 0, then f(x) =y has a solution in U.
(vi) deg(id, B,0) =1 where B = {z : |z| < 1}.
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It turns out that the above properties determine “deg” uniquely. Indeed one can show
that for any triplet as above, we can find (g, U, y) with g smooth and f and g homotopic.
As for g € C*, deg is defined by

deg(g,U,y) = > sgn(detg'(z)).
zef~H{y}

In the same fashion, we can define the degree of a continuous map between manifolds.
Given two compact manifolds M and N, and a C' map f: N — M, we say x € N is reqular
if df, is invertible. We say = € M is a regqular value if f~'{x} consists of regular points. By
inverse mapping theorem, it is not hard to show that if x is a regular value, then f~'{z} is
finite. For such a value we may define the degree by

(Cl) degx(f) = Z €y,

yef~Hax}
where €, = +1 according to whether df, preserves or reverses orientation. In the Euclidean
case €, = sgn det D, f. The degree of a continuous f : N — M defined to be the degree of

a C! function g : N — M that is sufficiently close to f. As we will see in Lemma C.1, this
is well-defined.

Lemma C.1 (i) If f : N — M is a C' function and Q is a volume form with Q > 0,
fM Q =1, then for every regqular value x € M,

deg, f = /N Q.

(ii) The degree is invariant under homotopies consisting of C'-maps.
(iii) Any two C'-maps f,g : N — M that are sufficiently C°-close are homotopic via C*-
maps.

(iv) Let X be an orientable manifold with 0X = N and let F' : X — M be a continuous
map. Then the degree of f = F|y is zero.

Proof (i) Let x be a regular value and assume f~'{z} = {x;,...,7;}. Find an open
neighborhood V' of z such that f~(V) = U, U---U U with Uy, ..., Uy, open and disjoint,
x; € Uy fori =1,...,k, and f|y, : Uy — V a diffeomorphism for every i. We now take an

n-form « with support in V' such that fv a = 1. By Lemma 3.10, we may find an (n—1)-form
£ such that 2 = a + dB. We now have

/Nf*Q:/Nf*a%—/Ndf*B:/Nf*a

k k
= g / ffa= E €x;-
i=1 Y Ui i=1
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(ii) Clearly degree is C'-continuous and locally constant.

(iii) Put a Riemannian metric on M. Given x € N, we may find a geodesic curve connecting
f(z) to g(x). We now define ¥(t, x) = v(t; f(x), g(x)) where v(¢; a, b) is defined to be a point
on the geodesic connecting a to b with v(0;a,b) = a, v(1;a,b) = b. This can be done
smoothly for a, b sufficiently close.

(iv) Let ©Q be a volume form on M with [, Q@ =1, Q> 0. We then have

deg(f) = /Nf*Q: - 1. = /Xd(F*Q) = /XF*dQ:O

O
The Leray—Schander Theory allows us to have a similar notion of degree for functions of
the form f = I+ L : U — £ with £ a Banach space, U a bounded open subset of £, and L
a compact operator. Again we wish to define deg(f, U, y) provided that y ¢ f(0U). To do
so, first we find a sequence L,, : U — & such that the range of L,,, denoted by L,,(U), is a
subset of finite dimensional space &,,, and
lim sup || L, (z) — L(x)|| = 0.

We then set

(C.2) deg(f, U, y) = deg(fm, Em N U, y),

for large m, where f,, = I + L, : &, NU — &,,. For this to work, we need to check
that y ¢ f,,(OU) for sufficiently large m. By Exercise C(ii), the set f(0U) is closed. Since
x ¢ f(OU), we have dist.(x, f(OU)) = § > 0. Then we find my such that if m > my, then
dist.(z, f,,(OU)) > 0/2. Hence the right-hand side of (A.2) is well-defined by Lemma C.2

below.

Lemma C.2 Let U be an open bounded subset of R" = R" @R". Consider f(z) = x+ L(z)
with L : U — R™, f:U = R". Ify ¢ f(OU) and y € R™, then

deg(f7 U) y) = deg(f|U17 U17 y)
where Uy = U NIR™.

Proof We may assume f € C1(U) and y = 0. Let us take two continuous functions ¢, @,
with ¢; : R™ — R, [¢@idy; = 1, for i = 1,2, and both ¢y, 2 have support near 0. Set
o(y1,y2) = @1(y1)pa(y2) and w = (Y1, y2)dy1dys, is a volume form of total volume 1. We
then have

deg(f,U,y) = /Uf*w,
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by Lemma A.1. But det([, + VL) = det (]m + g—é). As a result,

oL

deg(f,U,y) = /801(351 + L(x))p2(2) det (Im + (9_11:1) dxidzy.

We may send ¢4 to dg to yield

oL
deg(f,U,y) = /gpl(xl + L(z)) det (Inl + 87) dzq
1
= deg(f|U1’ Ulv 0)
[l

Exercise C Let £ be a Banach space and K : 2 — £ be a compact operator with €2 a
bounded closed subset of X.

e (i) Show that K is a uniform limit of finite dimensional transformations. Hint: Cover

the compact set K (€2) by finitely many open balls, and use a partition of unity.

e (ii) Show that I + K maps closed sets to closed sets.

D Cauchy and Beurling Transforms

A classical way of solving the Laplace and Poisson equation in an bounded open subset
of R* with regular boundary is by first finding its Green’s function. That is a function

G : U x U — R, such that

AG(z,y) = 6,(dx), xeU,
G(z,y) =0, x € 0U.

Once such G is found, we then use Green’s identity to derive the following identity:

(1) ue) = [ Bu) Glea) dy+ [ ata) 5

— d
uy) 5 -(,y) dy,
where 0G/0n denotes the normal derivative of G. Once the Green’s function G and the
Poisson’s function 0G /On are known, then we can use (D.1) to solve the PDE

Au(z) = f(x), xeU,
u(z) = g(x), x € 0U.

U

for the given f and g. In C an analogous representation formula can be derived that in turn
can be used to solve the celebrated d-bar and Beltrami equations.
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Proposition D.1 (Cauchy-Pompeiu Formula) Let U C C a bounded domain with a bound-
ary that is positively oriented and parametrized by a curve . Then, for every C' function

f:C—C,

(D.2) fe) = 5 Cf(_oz d<+%//(]@ de A dC,

_ 1 [fQ, c(¢)
f(Z)—_2_m. ’YE 27TZ//U Zd¢ A dC.

Proof We only derive the first formula in (D.2) because the second identity can be established
by a verbatim argument. Write ¢ = s + it and pick any C! function g = u + iv. Note

%(dg AdC) = ds A dt.

Using the Green’s formula,

j{ ¢)d¢ = %uds—vdt +i(u dt +v ds) = // (uy + vg) —|—i(us—vt)} dsdt

—z// s — U —Hut—l—vs)} dsdt—i//(gs—i—igt)dsdt
U
(D.3) =21 // gg dsdt.
U

A more compact version of the above calculation is

f{g(odcz//[]dgAdC://UgcdZAdg‘:z@'//Ugcdsdt.

We now take z € U, choose € > 0 so small that B.(z) C U, set g(¢) = f({)/(¢ — z) and
replace U with U/B.(z) in (D.3) to deduce

2%”' 2= C—Z QWZfC—z __//fc dsdt.

It remains to show that the right-hand side converges to f(z) as e — 0. For this it suffices

to check .

hm—,f HO=TE) 4oy,

e—0 271 I¢—z| C —Z
This is an immediate consequence of the Lipschitzness of f that implies the boundedness of
the integrand. O
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Given a C* function h : U — C, we wish to find w : U — C such that w; = h(z) in U.
Indeed if w is a solution, then by (D.2), w = C(h) + I'(h), where the Cauchy operators I'
and C are defined by

L(g) = %/7% a6, em=—1 [[ 2 asa

This means that a solution can be expressed as w = C(h) + ¢ for a holomorphic function q.
Put this differently, what we learn from (D.2) is
0 0 -

(D.4) SC(hy=h,  =-C(h)=h,

C(h) = —%//U?(TQZ dsdt.

With the aid of the Cauchy operator/transform C, we can also solve the Beltrami’s
equation

where

(D.5) Oz = (1.

This is an elliptic PDE only if |u(z)] < 1 for all z. We may set h = ¢ and express ¢ as
@ = C(h) + g, for a holomorphic function ¢q. Observe that if ¢ satisfies (D.5), then

h=: = up, = pB(h) + pd,

where B is the Beurling’s operator:

0
h) = —C(h
B(h) = 5-C(h)
This means that the function h satisfies
(D.6) (I — puB)h = pq'"

In other words, for every holomorphic ¢, we first solve (D.6) for h and using this h = h9,
we have a solution for (D.5) in the form ¢ = ¢ + C(h?). Note that ¢ = 0 yields the trivial
solution ¢ = 0. For a nontrivial example, search for a solution of the form var = C(h) + 1,

where h solves
(I — uB)h = p.

This or more generally (D.6) can be solve if ||uB|| < 1, for a suitable operator norm. As we
will see below, if we take the operator norm with respect to the L? space, then ||B|| = 1 and
if sup, ||u(2)]| < 1, then we can invert I — 3 and solve (D.6) in L?.
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The operator B is the complex-variable analog of the Hilbert Transform; from (D.4) we
can readily deduce

B(fé) = fz+Qv

for some holomorphic ). It turns out that if we assume U = C and that f and its first
derivative vanish at infinity, then @ = 0 (because a bounded entire function is constant),
and we simply have B(f;) = f.. If we write

F(h)(n) = hn) = / exp (Re(z7))h(z) dz.

for the Fourier Transform of A, then we have

FU0) = =SF () m),  F0) =~ LF ()

Hence

F(B(h)) = gf(h)(n)-

From this and Plancherel’s equation we deduce that
(D.7) 1B(R) ||z = (|| L2
In fact B is a singular operator that may be defined by

1

B(h)(z) = %PV / % dsdt — lim - /IC MO gsa,

—z|>e (C - Z)

and is also bound on L? for p € (1,00) by Calderon-Zygmund Theory.

e—0 7T

Theorem D.1 Define the operators C and B on smooth functions by

(D.8) C(h)(z) = —l/ MO dsdt, B(h)(z) = lPV/ (h(—OQ dsdt.

T —z T ¢—2)

Then for every p € (1,00), there exists constants C(p) and C'(p) such that im C'(p) =1 as
p— 2, and
IC(M) w1 < COllLe, B ILe < C'(p)[IA] Lr-

Writing C : LP(C) — W'P(C) and B : LP(C) — L*(C) for their extensions, we have
C(h): =h,  C(h), = B(h),

weakly.
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Remark D.1(i) Assuming that for some py > 2, there exists a constant ¢y such that
1B [0 < collrll oo,

for every h, then we can use (D.7) and Riesz-Thorin Interpolation Theorem to assert that if

1 6 1-0
+

then
IB(R)||re < 5™ ||A]| e

This allows us to choose C'(pg) = c§~?, for 6 € [0, 1], which enjoys the property

lim C'(p) = 1.

p—2

(ii) Clearly there are many solutions to (D.5). In fact if g = 0, then (D.5) simply requires
that ¢ to be holomorphic and if we also specify (D), then we still have many solutions by
the Riemann Mapping Theorem. Even if p is nonzero, we can still require (D) to be a
simply connected domain U # C and solve (D.5) provided that ||u||z~ < 1. Indeed if ¢ is
any solution to (D.5) and ¢(D) = V/, then by the Riemann Mapping Theorem, we can find a
holomorphic function f : V' — C such that f(V) = U. Now @ = f o ¢ does the job because

Pz = (fl ° P)ps, 0y = (f/ ° P)p..

This may be seen from
dp = f, dp + fo dp = (f' o) dp = (f o) (p. dz + ¢z d2).

(iii) Observe that if ¢, : D — C are two holomorphic functions with @ # 0 anywhere
inside D, then f = QC(g/Q) + q would solve the equation f; = g.
O

After solving the Beltami Equation, we may wonder whether the solution ¢ of (D.5) is
a homeomorphism. One strategy for verifying the invertibility of ¢ is to derive an equation
for its inverse, verify its solvability, and show that the solution is indeed the inverse of . As
we have seen in Remark 10.1, the inverse w solves

(D.9) wz = m(w)ws,

with |m| < 1.
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Theorem D.2 Assume that ||m| <~ = ¢o < 1. Then there exists p = p(co) > 2 and a
function w € WP that solves the equation (D.9) weakly.

Proof The method we described above would not work and need to be modified. Indeed if
we set v = w;, we certainly have w = C(v) 4 ¢ for a holomorphic ¢. On the other hand

(D.10) v =m(w)B(v) + m(w)q,

which cannot be solved as before because m depends on the unknown. To get around this,
observe that for given w, the operator I —m(w)B is invertible because ||m|/z~ = ¢y < 1. Let
us define

D(w) = (I — m(w)lg)fl(m(w)?)
Then we use (D.10) to rewrite (D.9) as
(D.11) w= (CoD)(w)+q:=Ew).

Hence w is a fixed point of the operator £. To show that £ has a fixed point, we first decide
on its domain of definition. Set

Ip={w: ||wl|~ <L}

We wish to show that £ : I';, — ', and it has a fixed point. As a preparation, we first bound
the nonlinear D. Let C’(p) be as in Theorem D.1. Choose p > 2 such that ¢,C’(p) < 1. By
Theorem D.1,

|(r=m@)B)"n| < (1= «C'm) Il

Lp

This in turn implies,
ID@) 2 < o (1= coC' () [l llzr = ex(p)-
By applying Theorem D.1 again we learn
IC o D(w)|lwrr < Clp)er.
Since p > 2, we may apply Morrey Inequality to deduce
(D.12) IC o D(w)l|ca-2» < c2(p)[|IC 0 D(w)llwrr < C(p)er(p) = cs(p),
where C'* denotes the space of a-Holder continuous functions. In particular
IC o D(w)|[zo < c3(p).

Setting L = c3(p) + ||¢'|| L=, we deduce that E(LP) C I'p. In particular, £ maps I', into
itself. On the other hand, the bound (D.12) implies that the image of I';, under £ is in fact
compact. This allows us to use the Schauder Fixed Point Theorem to deduce that £ has a
fixed point. O
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