
Exercise 5.56 (Dual bases and matrix representation). Let V andW be
finite-dimensional vector spaces and let A = (a1, . . . , an) and B = (b1, . . . , bn)
be ordered bases. It is Φij ∈ F now given by i = 1, . . . , m and j = 1, . . . , n.
Define the mapping

Φ : V ∋ v 7→ Φ(v) =

m∑
i=1

n∑
j=1

Φija
∗
j (v)bi ∈ W.

Show that Φ is a linear transformation and determine its matrix representation

B [Φ]A.

Proof. Let v, u ∈ V and λ, µ ∈ F. Because of the linearity of the functionals a∗j
for j = 1, . . . , n, we have

Φ(λu+ µv) =
m∑
i=1

n∑
j=1

Φija
∗
j (λu+ µv)bi =

m∑
i=1

n∑
j=1

Φij [λa
∗
j (u) + µa∗j (v)]bi =

m∑
i=1

n∑
j=1

[Φijλa
∗
j (u) + Φijµa

∗
j (v)]bi =

m∑
i=1

n∑
j=1

[Φijλa
∗
j (u)bi +Φijµa

∗
j (v)bi] =

m∑
i=1

n∑
j=1

Φijλa
∗
j (u)bi +

m∑
i=1

n∑
j=1

Φijµa
∗
j (v)bi =

λ

 m∑
i=1

n∑
j=1

Φija
∗
j (u)bi

+ µ

 m∑
i=1

n∑
j=1

Φija
∗
j (v)bi

 =

λΦ(u) + µΦ(v).

This shows that Φ is a linear transformation.

We now determine the matrix representation B [Φ]A. Let k = 1, . . . , n. It is

Φ(ak) =

m∑
i=1

n∑
j=1

Φija
∗
j (ak)bi =

∑
i=1

Φika
∗(ak)bi =

∑
i=1

Φikbi,

because of the definition of the dual basis a∗j for j = 1, . . . , n. Therefore,

B [Φ]A =


Φ11 Φ12 . . . Φ1n

Φ21
. . .

...
...

. . .
...

Φm1 . . . . . . Φm,n

 .

1


