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Temperature dependences of the surface resistance and the diamagnetic shielding

susceptibility at T
c
− T << T

c
for high-T

c
superconductors∗∗

Hyun-Tak Kim ∗, Kwang-Yong Kang, and Seok-Kil Han
Telecom. Basic Research Lab., ETRI, Taejon 305-350, Korea

At Tc−T << Tc (i.e., near Tc), in order to demonstrate the conduction mechanism and temperature
dependencies of the diamagnetic-shielding susceptibility and the penetration depth, we fabricated
Ba1−xKxBiO3 (BKBO) thin films and measured the energy gap by tunnel effect and shielding sus-
ceptibilities which are compared with those measured for BKBO and YBCO single crystals. The
shielding susceptibilities for BKBO and YBCO crystals well-fit χ(T )/χ(0) = 1−exp(−2△(T )/kBT ),
while that for the BKBO film follows χ(T )/χ(0) = (1 − T/Tc) which may not be intrinsic. The
exponential decrease of the susceptibilities near Tc indicates that the conduction mechanism is hop-
ping. The energy gaps are observed as 2△(0) = (3.5±0.1)kBTc for the BKBO film by the tunnel
effect, 2△(0) = (3.9±0.1)kBTc for the BKBO single crystal, and 2△(0) = (8±0.2)kBTc for the
YBa2Cu3O7 single crystal. Furthermore, for microwave device applications of superconductors,

at Tc − T << Tc, the surface resistance Rs(T )≈
√

ωµ0/2
σn+(σs(0)−σn)f(T )

is derived from the surface

impedance at ωτtr <<1, where σs(0) and σn are the conductivities of the superconducting state
and the normal state, respectively, and f(T ) = χ(T )/χ(0) = (1 − exp(−2△(T )/kBT )).

I. INTRODUCTION

The shielding susceptibility, χ, was suggested as
a means of observing the London penetration depth,
λL.1−3 λL has been known as a direct measure of the su-
perfluid density and a probe of the pairing state of super-
conductors. For experimental results for high-Tc super-
conductors at T << Tc, λL(T ) has exhibited a T 2 tem-
perature dependence4, as well as a linear T dependence5.
The linear T dependence has been predicted in d-wave
superconductivity. Recently, λL(T ), which is indepen-
dent of temperature, was demonstrated.3

On the other hand, for the 3 dimensional(D) XY
behavior which enhances fluctuations in the order pa-
rameter Ψ for Ginzburg-Landau (GL) theory, the dia-
magnetic shielding susceptibility was given by χ(T ) =
−(kT/Φ2

0)(T −Tc)
−0.67, while the GL result χ(T ) ≈ (T −

Tco)
−0.5 near Tc.

6. The GL result was suggested to need
modification [6]. The 3D XY behavior was absent in the
magnetic penetration depth of YBa2Cu3O7−δ (YBCO)
films.7 Moreover, at Tc−T << Tc, from the BCS picture
χ(T )/χ(0) = (1 − T/Tc) was derived and from the phe-

nomenological model χ(T )/χ(0) = 1 − exp(− 2△(T )
kBT ) was

obtained.3,8,9

Furthermore, since 1960’s, it has been known that BCS
calculations deviate from experimental data of the elec-
tronic specific-heat contribution Ces for superconductive
lead above the condensation temperature [10]. This sug-
gests that a conduction mechanism instead of tunneling
one needs at Tc − T << Tc.

For microwave device applications of superconductors,
the measurement and the physical analysis of the surface
impedance are very important.11 In particular, its tem-
perature dependence is still controversial at Tc − T <<
Tc,

12, since the conduction mechanism with respect to

conduction carriers has not been clearly understood at
Tc − T << Tc.

In this paper, we demonstrate experimentally the un-
clear temperature dependencies of χ(T ) and λL(T ) at
Tc − T << Tc for shielding susceptibilities measured for
a BKBO film, high quality Ba1−xKxBiO3 (BKBO) and
YBCO crystals. The energy gap of the BKBO film is ob-
tained from the tunnel effect, while energy gaps of BKBO
and YBCO crystals are obtained from the fitting param-
eter of shielding susceptibilities. For microwave device
applications of superconductors, the temperature depen-
dence of the surface resistance is derived.

II. THEORETICAL CONSIDERATION

The superconducting state as Meissner state is a con-
densed state. With increasing temperature, Cooper pairs
surpass the superconducting energy gap to the excited
state by the excitation of thermal phonons; this means
pair-breaking which characterizes a superconductor-
metal transition. In assuming that the diamagnetic-
shielding susceptibility is proportional to the superfluid
density in the superconducting state (χ∝nsup), in the
microscopic theory ,3,8 the susceptibility was given by,

at T << Tc,

χ(T )/χ(0) ≈ 1 −
√

(2π△(0)/kBT )e−△(0)/kBT , (1)

and, at Tc − T << Tc,

χ(T )/χ(0) = (1 − T/Tc). (2)

Furthermore, at Tc − T << Tc, another susceptibility
was given by

1
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χ(T ) = χ(0)(1 − exp(−
2△(T )

kBT
)). (3)

Equation (3) was obtained from the simple phe-
nomenological model based on the classical limit
of Fermi-Dirac(FD) statistics (i.e., Maxwell-Boltzman
statistics) because the system is far from condensation;
in the system the fluid density is very small and temper-
ature is high relatively to Tc. Eq. (3) is the hopping one
of the conduction mechanism for semiconductors and was
given elsewhere.3,9

The susceptibility as a function of the penetration
depth has been defined by

χ(T )/χ(0) = (λL(0)/λL(T ))2. (4)

In addition, Eq (1) was demonstrated in a previous
paper3.

-4 -2 0 2 4 6
0.0

0.5

1.0

1.5

2.0

2.5

3.0

 
 

24K
22K
20K
18K
16K
14K
12K
10K
8K
6K
4K

C
o

n
d

u
ct

an
ce

 (
 ΩΩ

-1
)

Voltage (meV)

FIG. 1. Temperature dependence of the conductance mea-
sured by the tunnel effect for the BKBO25 thin film; from 4
to 24 K.

III. EXPERIMENT

BKBO thin films were fabricated on (100)SrTiO3 sub-
strates in the argon atmosphere of 1 Torr at the sub-
strate temperature of 520◦ by laser ablation. The depo-
sition method and conditions were shown in a previous

paper13,14. The magnetic shielding susceptibilities cor-
responding to the zero field cooled (ZFC) susceptibility
were measured at 10 Oe//c-axis by using Quantum De-
sign SQUID. The superconducting magnet of the SQUID
was quenched by perfect evaporation of liquid helium be-
fore the measurement. Moreover the ZFC susceptibilies
for BKBO and YBCO single crystals were measured by
the same method as that for the BKBO film.

In order to measure the temperature dependence of the
superconducting energy gap for BKBO films, the con-
ductances were measured by the point-contact method
through the metal-superconductor-metal junction. The
measurement temperatures were from 4.2 K to 24 K.
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FIG. 2. Comparison of the energy gap measured for the
BKBO25 film with the empirical energy gap of the BCS one,
△(T )/△(0)≈

√

cos[(π/2)(T/Tc)2] and 2△(0) = bkBTc. Here
b≈3.5.

IV. RESULTS AND DISCUSSION

In order to check the validity of the linear T depen-
dence in Eq. (2), the temperature dependence of the
conductance (or energy gap), measured by the tunnel ef-
fect for a BKBO thin film (named BKBO25) with Tc ≈25
K, is shown in Fig. 1. The conductance at 4 K has a
clean U shape which is known as the energy gap with
△(4 K)≈3.6 meV. U curve begins to be deformed at 6
K, is observed up to 12 K, and is not seen from 16 to
24 K. This indicates that the energy gap forms below 14
K. Fig. 2 shows the comparison of the measured energy
gap with the BCS gap with b ≈ 3.5. The measured gap
deviates from the BCS gap with increasing temperature.
The deviation may arise from the pinning effect or vor-
tices due to impurity phases in the film. Fig. 3 shows
temperature dependencies of the susceptibility obtained
from both Eq. (3) and △(T) determined from the tunnel
effect in Fig. 2, (called the ”tunnel susceptibility”), the
susceptibility obtained from both Eq. (3) and the BCS
gap, (called the ”BCS susceptibility”), and the ZFC sus-
ceptibility data measured for the BKBO25 film at 10 Oe.
Below 14 K, the normalized susceptibilities agree closely.
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The figure shows that the ZFC susceptibility data with
linear T dependence at Tc − T << Tc follow the tunnel
susceptibility and deviate from the BCS susceptibility.
This indicates that crystals or films with an energy gap
which does not follow the BCS gap at Tc − T << Tc

exhibit a linear T dependence in the susceptibility, and
that Eq. (2) is not intrinsic.
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FIG. 3. Temperature dependencies of the susceptibility (◦)
obtained from Eq. (3) using the energy gap determined from
the tunnel effect in Fig. 1; the susceptibility (△) obtained
from Eq. (3) using the empirical gap; and the ZFC suscep-
tibility data (•) measured directly at 10 Oe for the BKBO25
film. At Tc − T << Tc, the linear is Eq. (2).

At Tc − T << Tc, the susceptibility data measured for
the BKBO single crystal are well fitted by Eq. (3) us-

ing the empirical gap (△(T )/△(0)≈
√

cos[(π/2)(T/Tc)2])
of the BCS gap, as shown by the thick line in Fig. 4.
The energy gap is obtained from the fitting parame-
ter (2△(0) = bkBTc)as well and is given as 2△(0) =
(3.9±0.1)kBTc. The energy gap of the single crystal
agrees well with 2△(0)≈3.8kBTc which is determined by
the tunnel effect [15]. Here, although Eq. (3) is well-
fitted from low temperatures to Tc, the fitting cannot be
believed below a temperature (T≈17 K) in which the en-
ergy gap deviate from the BCS gap, as shown in the inset
of Fig. 4.

Figure 5 shows the susceptibility measured at 10
Oe//c-axis for a YBCO single crystal like cube with the
size of 1.3×1.1×1 mm3 and Tc≈93.2 K, grown by a melt-
ing method. Eq. (1) and Eq. (3) are well applied to the
susceptibility data below 45 K and above 80 K, respec-
tively, as shown in Fig. 5 and its inset. The susceptibility
in the intermediate temperature range from 45 to 80 K is
not explained by the combined Eqs. (1) and (3), which
is different from the BKBO case. The 45 K is regarded
as the condensation temperature.
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FIG. 4. The ZFC susceptibility measured at 10 Oe//c-axis
for the BKBO single crystal. The open circles (◦) are experi-
mental data. The thick line and solid circles (•) indicates the
fitting of Eq. (3) using the empirical energy gap. In the inset,

the approximated BCS gap is △(T ) = 3.2kBTc

√

1 − T/Tc

near Tc and 2△(0) = bkBTc at T=0 K; the em-

pirical gap is △(T )/△(0)≈
√

cos[(π/2)(T/Tc)2]; the ex-
perimental gap is deduced from Eq. (3) and is
△(T ) = −(kBT/2)ln(1 − χ(T )/χ(0)) where χ(T )/χ(0) uses
the experimental susceptibility data. Here, b=3.9.
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FIG. 5. Temperature dependence of the ZFC susceptibility
measured at 10 Oe//c-axis and its fitting for the YBCO single
crystal with 2△(0)≈8kBTc and Tc≈93.2 K. The susceptibility
data (◦); Eq. (1) (thin line); and Eq. (3) (thick line and
solid circles (•)). The inset shows the empirical gap and the
experimental one.

V. SURFACE RESISTANCE

The temperature dependence of the surface resis-
tance, Rs(T ), can be calculated by using the above
results, which is necessary for microwave device ap-
plications of superconductors. Eq. (3) was derived
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by assuming χ(T )/χ(0) = nsup(T )/ntot = f(T ) and
exp(−2△(T )/kBT ) = nth/ntot,

3,8,9, where ntot = nsup +
nth, ntot is the total number of pairs, nsup denotes the
number of Cooper pairs, and nth stands for the number of
thermally excited pairs (i.e., carriers in the normal state).
Eq. (1) was also given by χ(T )/χ(0) = nsup(T )/ntot =
f(T ). The temperature dependence of χ(T ) corresponds
to that of Cooper pairs. The above consideration is sim-
ilar to the two fluid model.

From the London equation, the conductivity of the

superconducting state is given by σs =
(nsup(ω,T )/ntot)

jµωλ2(0)

at 0 < ω < ωs = 2△(0)/h̄, by using Eq. (4). Here,
nsup(ω, T )≈nsup(T ), because Eq. (3) is valid at ω <<
ωs. The temperature dependence of σs(T ) is given by, at
T << Tc,

σs(0) =
1

jµ0ωλ2(0)
, (5)

because of nth≈0 and f(T ) = (nsup(T )/ntot)≈1 in Eq.
(1), while, at Tc − T << Tc,

σs(T ) = f(T )σs(0) =
f(T )

jµ0ωλ2(0)
, (6)

where f(T ) = 1−exp(−2△(T )/kBT ). Moreover, because
nth is large at Tc − T << Tc, the normal conductivity,
σn, occurring by nth cannot be ignored. Thus the total
conductivity is given by

σT (T ) = (
nsup

ntot
)σs(0) + (

nth

ntot
)σn, (7)

= f(T )σs(0) + (1 − f(T ))σn, (8)

where σn = σ0/(1 + jωτtr) [12].
In order to obtain the surface impedance Zs =

√

jωµ0/σT for high quality superconductors below the
condensation temperature, Ts, Zs is important for mi-
crowave device application; Ts≈17K for BKBO and
Ts≈80K for YBCO, as shown in Figs. (4) and (5). The
total conductivity is approximated by σT≈σs, since nth

can be ignored below Ts because it is very small. The
surface impedance is given by, at T << Tc,

Zs =
√

jωµ0/σs≈jµ0ωλ(0), (9)

while, at Tc − T << Tc,

Zs≈
√

jωµ0/(f(T )σs(0) + (1 − f(T ))σn), (10)

by using Eq. 8. At T << Tc, Zs is called the surface
reactance Xs. At Tc − T << Tc, Zs can be expressed as
Zs = Rs + jXs and the surface resistance is given by

Rs(T )≈

√

ωµ0/2

σn + (σs(0) − σn)f(T )
. (11)

This Rs is obtained by calculations of Eq. 10 at
ωτtr <<1, increases with increasing temperature up to
Tc, and depends upon nsup(∝f(T )).

Furthermore, at the intermediate temperature range in
which χ(T ) does not be explained by Eqs. (1) and (3),
the theoretical approach for Zs is beyond scope of this
paper. More detailed discussion with other models will
be done in a separate paper.

VI. CONCLUSION

In conclusion, at Tc − T << Tc (above the con-
densation temperature), the shielding susceptibilities for
BKBO and YBCO crystals well-fit χ(T )/χ(0) = (1 −

exp(−2△(T )/kBT )) instead of χ(T )/χ(0) = (1 − T/Tc).
The exponential decrease of the susceptibility indicates
that the conduction mechanism is hopping. The calcu-
lated surface resistance depends upon the temperature
dependence of the number of Cooper pairs at Tc −T <<
Tc. Furthermore, we contend that the temperature de-
pendence of the diamagnetic shielding susceptibility is
that of Cooper pairs;χ(T )∝nsup(T ).
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