
Conjugation. Let C be a sector and E = {e:C → C: e is a calc}. Then,
as we noted above, C acts on E on the right by shift, e · c = ec = f where
f :C → C is the unique (due to cancellation in the group that embeds C)
map such that e(c)f(c′) = e(cc′) for all c, c′ ∈ C. In addition, Aut(C), the
group of monoid automorphisms of C, acts on E on the right by conjugation,
e · ϕ = eϕ = ϕ−1 ◦ e ◦ ϕ. (In fact, something stronger holds, see below.) The
proof follows by applying the calc property of e and homomorphism property
of ϕ ∈ Aut(C),

ϕ−1(e(ϕ(cc′))) = ϕ−1(e(ϕ(c)ϕ(c′))) = ϕ−1(e(ϕ(c))eϕ(c)(ϕ(c′)))

= ϕ−1(e(ϕ(c)))ϕ−1(eϕ(c)(ϕ(c′))),

so if e is a calc, then e · ϕ is a calc, and we have

e · (ϕ ◦ ψ) = (ϕ ◦ ψ)−1 ◦ e ◦ (ϕ ◦ ψ) = ψ−1 ◦ ϕ−1 ◦ e ◦ ϕ ◦ ψ

= ψ−1 ◦ (ϕ−1 ◦ e ◦ ϕ) ◦ ψ = (e · ϕ) · ψ

and e · 1 = e.
Note that for F ⊆ E an arbitrary subset (even possibly empty) the Galois

group
Gal(F ) = {ϕ ∈ Aut(C): fϕ = f ∀f ∈ F} = ∩f∈FAut(C)f

is the intersection of stabilizer subgroups of elements of F under conjugation of
calcs.

Exercise. Adapt the proof above to show that for sectors C,D, the group
Aut(C) acts on E on the right by e · ϕ(c) = e(ϕ(c)) and Aut(D) acts on E on
the left by ψ · e(c) = ψ(e(c)).

Exercise. Let C = 〈c1, . . . , cn〉 be the free group on n elements, σ ∈ Sn
a permutation, and eσ(c) = trunc(c, iterσ(c)). Every monoid automorphism
ϕ:C → C arises from a permutation of the generators {ci}ni=1, so let ϕσ(ci) = cσi
and we have ϕσ(ϕτ (ci)) = ϕσ(cτi) = cστi = ϕστ (ci), so σ 7→ ϕσ is a group ho-
momorphism. Find eϕτ

σ for σ, τ ∈ Sn.
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